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Obtaining the energy-momentum tensor produced by an electromagnetic
field

The definition of the energy-momentum tensor is[1] :

1 68y
T =— oz 62 (A.1)
where g, is the metric and Sy, is the action of the field. If we suppose that the field is an
electromagnetic field, we have the following Lagrangian:
1
L =3 FuF" V=2 (A.2)
with A, being the electromagnetic potential and J¥ being the electric current. We get:
1
Sm=-7 / =gFuwF* d*x
1
=-2 / N=EFuwFprog"’g" d*x. (A.3)
We can now deduce the energy-momentum tensor of a photon.
Lemma 1. The energy-momentum tensor produced by a photon is given by
1
T = ﬂpgngUV - ZgvapanU (A.4)
Proof. From equation A.3, we obtain the variation of the action:
1
5Sy = -2 [/ d*x F, F* 6+—g +/ d*x V=g 8 (Fpe F*°)
1
= -5 (651+6Sy). (A5)
Since :
6y-g = ) V_gg,uvégw, (A.6)
we get
1
581 =-5 / d*x V=g gu Fpo FP° 58" (A.7)
For 8S,, note that
8 (Fpo FFC
(;;Fv_) = 28"° FpuFov, (A.8)
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hence:

1
= gpanyFav - ZgvapanU-

We also have
Fuv = VA, =V, A,

and the homogeneous electromagnetic wave equation[2]
—VPVRAY + RTAY = J%,

bearing in mind that

VA = 0.
Solving the wave equation
Suppose that we use the Schwarzschild metric
2GM
- (1 2am) L0 0
_2GM
£ = 0 (1-2e2) " o 0
0 0 r? 0
0 0 0 r?sin?(6)

in the coordinate system (¢, r.8, ¢). The wave equation thus becomes:

- g% [0, AY + QAN + T

A5 (A + T AT + 2R, A =0

hence, applying ths metric gives us, using the fact that Va, 8, v, dt/'ﬂ"; = d¢/'ﬂ"; =0
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Suppose that we have A¥ = A¥(t,r), J* = 0,VYu # r,and that A% = A? = 0. Using the fact that

VA =0= A + LA + 0, A" + LA =0,
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as well as using the values of the Christoffel symbol and Ricci curvature tensor:

_ __GMm _ GM 2GM _ GM
/_t = r(r-2GM™) /_t; -z (’I T ) /_I'r ~ T r(r-2GM)
6 _ 1 _ 2GM ¢ 1
=1 Go=-r(1-2%)  rg=
_ 2GM 6 _ _ o ¢ _ cosé
/'¢’¢_—r(1 )sm 6 I'¢¢_—sm6cose I'9¢_§‘i’rfe,
and
26M\? 2GM GM 2 2GM (r-GM)
Rtt = 1 +2 -
r r2(r—-2GM) r(r-2GM) r2(r —2GM)>?
-2
2GM
Rrr = - (1 - ) Rtt’
r
we can simplify the wave equation to:
1 2 2GM r 2GM\ 52 26 2GM(r-GM) -
qu\w oMo - (1 - T) ORAC - 29 g A+ OMUZOM) 4 =0
2 r+5G2 M2 .
(1_201\4) PRAT - ZGM S A — ( @) Q2T+ CM o A7 4 2( rif{":’ZGSAf)M )A’ -
Taking now the Fourier decomposition
Al = / At (k,w) e dk dw
AT = / AT (k,w) &' ¥ dk dw
Jr= / Jr (k,w) e ¥ dk dw,
we get, using equation B.7:
w? 2GM -2GMk , 2GM(r-GM) | &
/(‘(12<:M)+(‘ J 2 - ik 4 SR | At (ko)
—iw T 22%%)2A’ (k,w)) e'kr—ot) d dew =0
2(r2-56Mr+5G2Mm2) | '
_(1—2%”’) + (1 29) k2 ( A (r-2G6M) )| (k)
+iw 2 At (k.w) - J° (k,w))ei(k"“’t)dkdw -0
Setting
2
2GM 2GMk 2GM (r-GM
f(kwr)=-——2 +(1— )k Gz LM GQ)
(1 _ZGM) r r r3(r-2GM)
r
and
w? 2GM ;GMk 2(r?* - 5GMr +5G*M?)
fh(k,w,r)=———+[1- k2 +
r r r3(r-2GM)

we finally get:

A = iw—29M
fi(r-2GM)?
Ar — 1 r »
A T f_4G2M202 J
2 f1 (r-2GM)2r2

MSURJ

)

(B.5)

(B.6)

(B.9)

(B.10)

(B.11)

(B.12)



hence

Al = iw 2GM J"rei(kr—wt)dk dw
ffi (r-2GM)24 402202

: (B.13)
A = / — e 0 dk do
Ty

f (r-2GM)2r2
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