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The EPR Paradox, Einstein-Rosen bridges
and teleportation

In this review, we go over the bases of quantum teleportation, ER bridges in General relativity, and the founda-
tional work on the hypothesis ER=EPR and summarize the resulting wormhole teleportation protocol. We then

discuss that — resulting from ER=EPR — certain wormholes have to be either traversable or at the very least let
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information permeate, resulting in the exploration of the possibility that incoming matter might change the
metric outside of wormhole throats. In this study, made in the Schwarzschild metric with the original coordi-
nate system, we managed to find a non-zero energy-momentum tensor produced by a particular solution of

the electromagnetic wave equation in curved spacetime, implying a change in the overall metric by Einstein’s

Equation.

1 Introduction

Quantum mechanics and general relativity have both led to the discovery
of phenomena that seem to connect two arbitrarily distant entities: for
quantum mechanics the EPR Paradox formulated by its namesakes Ein-
stein, Podolski, and Rosen [1] connects two distant systems, through what
is commonly called a quantum entanglement, such that the measurements
on one instantaneously affects the other; for General Relativity, two black
holes can be connected by a wormhole, or Einstein Rosen bridge, first de-
scribed by extending the Schwarzschild solution to Einstein’s equations [2].
In more recent years, several papers have linked both phenomena together,
culminating in the elaboration of the hypothesis ER=EPR [3], that is that
quantum entanglements and wormholes represent the same object. It is
thus logical that, since Quantum Teleportation is possible [4] according to
ER=EPR, teleportation using wormholes is also possible [5]. However, the
hypothesis ER=EPR leads to interesting implications on the possibility of
traversability or at least information permeability of wormholes, which we
will elaborate on. We chose in this paper to explore the possibility, con-
trary to the no-hair theorem, that incoming information in one end of the
wormhole changes the metric on the other end.

Firstly, this paper will review the relevant concepts surrounding the EPR
Paradox and ER bridges in order to understand ER=EPR. Then, we will
summarize the claim ER=EPR, as well as the wormhole teleportation pro-
tocol. We will then start with the author’s contributions by quickly ad-
vancing and explaining the claim that certain wormholes have to be either
traversable or permeable if ER=EPR, and by trying to see how an incom-
ing photon might change the metric of a Schwarzschild black hole. To do
this, we will find a particular solution of the electromagnetic wave equa-
tion in curved spacetime and deduce the energy-momentum tensor from
it. Due to a lack of time for this project, the author only managed to derive
the altered energy-momentum tensor, which by being non-zero is sufficient
to prove a change in the metric. They also weren't able to solve Einstein’s
equation for more specific results, nor to study this phenomenon in the
more general Kruskal-Szekeres coordinates for more decisive results.

2 The EPR paradox, quantum teleportation and
Einstein-Rosen bridges

Before diving directly into ER=EPR, we first want to review some useful

concepts, namely the EPR Paradox and ER Bridges. As we also want to

study the wormbhole teleportation protocol, we will also have to review the
(very similar) quantum teleportation protocol. But first, we might want a

little refresher on how quantum mechanics work by using the example of
multiple SG devices in a row. You can skip directly to subsection 2.2.
2.1 Reminder on quantum mechanics: multiple SG devices in a row

A Stern-Gerlach device oriented in the 77 direction, in short an SG,, device,
is composed of two magnets creating a magnetic field pointing in the 7
direction. This device can perform spin measurements on particles with
quantum behaviours. Let’s consider the following exercise: A particle with
spin s passes through an SG; device and is found to have spin value S, =
sh. It now travels through an SG, device. What are the possible values
of S, and what is their probability of appearing? We will solve this for
s=1/2.

We know that the possible values of S, are % and —%. We also know that
the eigenstates of S, are:

LN 1ALy 41 1
2’2/ 2 \|2°2 2" 2
11N 1 Al 1N j1 1
27 2 mi\/i 272 27 2 ’
Since S, = %, the particle is initially in state }%, %>, hence:
h 1
Pls, =%) = =,
(s=3)-1.;
h 1
P(S,=—2)= =,
(s:=-3) -1

Now we can finally start reviewing the EPR Paradox.

N = N =

2.2 The EPR Paradox and the Bell Inequality

The EPR Paradox was first formulated by Einstein, Podolski and Rosen [1]
and concerned the two observables position and momentum. The follow-
ing version of the paradox was proposed by Bohm [6]:

Suppose a particle in spin state |0, 0) decays into 2 spin—% particles. Due to
conservation of linear and angular momentum, they move in opposite di-
rections and their spin along any given direction must be opposite. Suppose
now that two observers with SG devices, which we call A and B, will mea-
sure the spin of their respective particle along the axes nA and n3. Since

McGill Science Undergraduate Research Journal - msurj.com



we know that:

1
|0,0) = |42, —2) — —= |—%, +2) (2.1)
f V2
1
= —|+z,—2) — — |—=,+x (2.2)
5 l+m ) = 5| t)
. =,
then we can conclude that ifnA A=ng= k,ifA measures S, = then
B measures Sa, = 2, and if A measures S 12 = —2, then B measures
Ss, = % But likewise, if 1an = ﬁg = z R then if S12 = ,then
Sop = f%, and if S1, = f%,then Sox = %

Yet,if nA = k,ng = 4,ifS1, =

Sop = % and a 50% chance that So,
value of So,, by measuring it.

hen there is a 50% chance that

n
2’
= —%. We can only determine the

This would mean that we can determine with no uncertainty both the S,
and S values of the second particle, which violates the uncertainty princi-
ple if local realism, i.e. the assumption that the spin of each particle has an
intrinsic and defined value, holds.

To prove that local realism does not hold, we use the Bell Inequality[7]:
Theorem 1 (Bell Inequality). Suppose local realism holds. Suppose also that
a collection of particles in spin state |0, 0) decay into pairs ofspin-f particles,

with possibles values of spin { 55 } along 3 possible directions @, b and
z. If the particles of each pair pass the SG devices A and B, respectwely, ori-

_>
ented independently along @, b or @, and the event (£n1; £no) describes

the situation in which the partzcle measured by A has spin value i along
n1 and the particle measured by B has spin value +2 along ns, then
P (+a;+b) = P (+a;+c) + P (+¢;+b) . (2.3)

ﬁ
Using this, then, if @ bisects @ and b by an angle 0/2, then, by the pre-
dictions of quantum mechanics and (2.3), one finds

sin® 0 < 2sin” (0/2) (2.4)

for all & € R, yet (2.4) only holds for 0 < 6 < 7. Thus local real-
ism and quantum mechanics fundamentally yield different results. Experi-
ments measuring the polarization states of pairs of photons yield results in
accordance with QM, but violating Bell’s inequality. Hence Bell’s inequality

disproves local realism and the existence of local hidden variables.

The EPR Paradox, under the form of quantum entanglement, can be used
for teleportation, as we will now see.

2.3 Quantum Teleportation

A protocol to teleport quantum states was first elaborated in 1993 [4], de-
rived directly from the EPR Paradox. The following discussion is based on
it.

Suppose Alice has a particle in state |¢1). She wishes to send Bob enough
information to make a copy of the state. Unless |¢1) is an already known
eigenstate, Alice cannot determine |¢1) through measurement. Alice could
solve the given task in different ways: either by trivially sending Bob
the particle directly, or through a spin-exchange measurement. A spin-
exchange measurement consists of making the particle in state |1 ) interact
with another one, called ancilla, in state |ao) through a unitary operation,
thus leaving the initial particle in a new state |¢). The ancilla, now in state
|a1), contains all the information necessary for Bob to reverse the steps and
obtain |¢1). This example demonstrates the no-cloning principle of quan-
tum information, stating that no quantum state |¢) can be copied without
being destroyed.

It is possible for Alice to divide the information needed to recreate |¢1)
into a classical part and a quantum part, and upon reception of both, Bob
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can reconstruct |1 ), destroying Alice’s |¢1) in the process. This process is
called quantum teleportation, and, because of the need of a classical infor-
mation channel, the “teleportation” is not instantaneous. The full process
for the teleportation of |$1) for a spin-3 L particle is the following:

Two spin-f particles, numbered 2 and 3, pertaining to an EPR singlet are
in the overall state

[457) = 5 (112 1) = o) 1) 5

as in (2.1). Alice’s particle shall be numbered 1. Particle 2 is received by
Alice, while particle 3 is received by Bob. As the systems (1) and (23) are
uncorrelated, we get that the overall system is given by

[Y123) = |¢1)

gg)> . (2.6)

Alice now entangles particles 1 and 2 by measuring an observable of the
system (12), i.e performing a von Neumann measurement, in the Bell basis:

[wis) = 7<m> [2) £ 1) [12)) 27)
) = 5 (M1t £ 1) 1)) 28)
which is orthonormal. Hence:
Ml = =5 ([0i2) + [42”)) 29
) m>—%(]w Y- o) (2.10)
) |T2>—%(]¢ D)+ |e)) @.11)
) |¢z>—%(\¢(“> [62)) (2.12)
If we write, for convenience,
|¢1) = alt1) +bl1) (2.13)
with |a|? 4 |b]* = 1, we get:
[bras) = 61) |05
— (alt) + bl (5 (1) ) 142} 1))
= 7 (111 [12) a) = [14) [12) [1s))
(1) [12) [a) = 141} [L2) [1s)) (2.14)

Jr _
\/i
hence, by (2.9)-(2.12):

[!¢5z)> +Hpis’)

+ 5 [65) @hts) +b11)) + [63)) (alta) b 11s))] - @15

[p123) = alts) = bls) alts) +blia))]

Therefore, all 4 outcomes are equally likely with probability 1/4. After
Alice’s measurement, Bob’s particle 3 will take one of the following states:

(5)-(2 )
(6 ) (3 5 ).

Each of these can be obtained by applying a unitary operation on |1 ): |¢3)
isjust |¢1) times a phase, whilst the other operations are clockwise rotations
of 180° around the z, x and y axes, respectively, hence Bob just needs to
rotate them anti-clockwise to obtain |¢1) again. All Bob needs to replicate

|¢1) is the information, sent by Alice, of which of the four states ‘1/)§:2H>

|$3)

(2.16)



and )¢§§)> she obtained. No trace of |¢1) is left in her results, and she just

needs to send the information to Bob. At the end of the process, two bits of
information, uncorrelated to |¢1), are left behind.

Quantum teleportation also works for mixed or entangled states. If, taking
the same example, we start with particle 1 already forming an EPR singlet
with a fourth particle, which we call 0, i.e.

_ 1
[9427) = 75 (1to) 1) = o) 1) (2.17)
then
orza) = [w67)) [v85”)
= 2110 1) 120 45) = o) 1) 42} 1)
— [do) IT1) [t2) Ha) + [Lo) [T1) ) [13) ] (2.18)

= S[[#) [65)) + [52) [9) +
+ |6l 6550 ]

hence 0 and 3 form a singlet after the measurement on system (12).

) [0

All these results can be generalized to systems having N>2 orthogonal
states. Alice would use the pair (23) of N-state particles in a completely
entangled state, which can be written as:

S lhel)
TV N
where j = 0,1, ..., N — 1 are the N states. Let the state of particle 1 which

we want to teleport be:
J

with 32 [p; |> = 1. Alice then performs her measurement on the system
(12), yielding one of the following:

1
[Vnm) :zj:ﬁ@
wheren,m € {0, 1, ...
1 .
) = ﬁ;f']’;|]>®\k>®|k>

Again, after performing a measurement on her particle and one of the two
entangled particles, Alice sends classical information to Bob. This time, her
information is of at least 2V bits. Bob then performs the unitary transfor-
mation:

(2.19)

(2.20)

2

¥ 1j) ® |(j + m) mod N), @21)

, N — 1}, the state of the total system being:

(2.22)

U = >_ %™ k) ((k +m) mod N|
k

(2.23)

on his particle to obtain |¢) again.

The message sent by Alice is crucial. If Bob were to guess her outcome, the
sate |¢) would be reconstructed (in the spin-3 case) as a superposition of
the 4 states from 2.16, all having the same probability. Hence Bob would
not be able to deduce from this any information about |¢), which makes

sense since otherwise the signal would travel faster than light.

It would be interesting to see if other states than an EPR singlet could be
used for teleportation. In fact, it can be shown that the most effective con-
figuration for teleportation is a state of two maximally entangled particles
(i.e they form an EPR singlet). Indeed, we have the following property:

Proposition 2. Consider a state | Y23). Then Bobss particle 3 will be related
to |¢1) by 4 fixed unitary operations if and only if

€

[Ta3) = 7 (Ju2) Ip2) + [v2) [g3)) s (2.24)

where {|u) , |v)} and {|p) , |q)} are two pairs of orthonormal bases.

Hence 2 and 3 must be maximally entangled. Less entangled states will be
less effective at teleportation, either limiting the accuracy of the teleporta-
tion or the range of possible |1 ) that can be teleported.

It can also be proven that a classical channel of two bits of information is
necessary for teleportation. To do so, we study a 4-way coding scheme: B
receives two bits of information and one particle of an EPR pair, sending
out a particle in state |¢) and an uncorrelated two bits, while A receives the
other particle of the pair and the particle in state |¢), sending out two bits
of information. This is one way to transmit physically the 2 bits of informa-
tion.

We can thus build a setup where B and A perform a 4-way coding, but in
between the particle in state |¢) gets intercepted and teleported by A’ and
B’. Suppose now that A’ and B’ use a channel of capacity C<2 bits, but is
still capable of teleporting |¢), hence also the 2 bit message that B sends to
A. If B' were to guess the message superluminally, his probability 2~ of
guessing right would be bigger than i, resulting in a probability bigger than
i of sending the message superluminally from B to A. Hence there exist two
distinct two-bit messages r and s, such that P (r | s) < i, probability of
receiving superluminally r if s was sent, and P (r | 7) > i, probability of
receiving superluminally r if r was sent. It would thus be possible to reliably
send messages superluminally, which thus, by contradiction, supposes that
C > 2. By the same argument, teleportation of an N-state particle needs a
classical channel of 2log, (V) bits.

After studying the EPR Paradox and Quantum Teleportation, in order to
understand ER=EPR, we now need to direct our attention to ER Bridges.

2.4 Einstein equation, Penrose diagrams and the Schwarzschild black
hole

We now shift our focus to general relativity. We will see in section 3 that
general relativity and quantum mechanics share a connection, in the form
of wormholes. wormbholes, or ER bridges, are a theoretical result of gen-
eral relativity. We first start with the fundamental part of general relativity,
Einstein’s equation. From there, we will obtain Schwarzschild’s solution to
Einstein’s equation, which directly leads to the Schwarzschild black hole
and to the easiest wormhole to describe. This section is based on [8].

Einstein’s equation

Einstein’s equation determines the local spacetime geometry, given by the
metric g, [9]. It can be derivated from the Hilbert action, given by:

Su = / V—gRd"z, (2.25)
where g = |guv|, and R is the Ricci constant [10]. We now need to intro-
duce a few objects, presented in chapters 2 and 3 of [8]. The derivation of
Einstein’s equation will be based on chapter 4. We use tensorial summation
notation, also known as Einstein notation: the expression is ummed over
all indices that appear as both subscripts and superscripts.

We will use the Christoffel symbol

1 2o
Ff\w = *QA (Ougvo + Ouvgop — Ooguv) (2.26)

2

which enables us to define the covariant derivative of a tensor Tlf”fj_j‘u’f k as

e o -k
v,uT }”1/1.4.14 = ap,T kvlmul
k
§ Hog UL e g — T A1 - M
+ Fg)\T vy...1p

=1

l
F Y TR T e vy (2227)
=1
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and the Riemann tensor

Rl =010 — 0,10, + 10,10, —T0,T,. (2.28)

From this, we can get the Ricci tensor:
Ruv = R (2.29)

and finally the Ricci constant given by
R=g¢""R... (2.30)

We will also make use of Stoke’s theorem:

Theorem 3 (Stokes Theorem). Let M be an n-dimensional region with
boundary M. Suppose we use coordinates x* in M, which has metric g;;,
and coordinates y* on M which has metric ~y;j, and suppose that n*" is the
unit normal to 6 M. Then, for a vector V*:

/ &z gV, V* = / A"y N/ n V"
M SM

(2.31)

One can find, using this result and following the derivation from [8], that

(SSH = /dnm vV —g |:R‘u‘y - %Rg‘u.y:| 5,9“”- (232)
Since the action is given by
55 7 mn

S /Xi:(&bi&z&)d : (2.33)

hence 1 89 1
H
— =R, — —Rgu. (2.34)
V=gogu " 27

The Hilbert action is the action exerted by gravity alone. To get the total
action, we need to add the action due to matter fields as well. The total
action is given by:
1
167G
Shr being the action due to matter fields. By the principle of least action,
we get that:

Su + Swm, (2.35)

1 65 1 1 1 6Su
= Ry, — - Rguw — =0. (236
V=9 guv 167G ( g 2 I ) * V=909 ( )
If we define the energy-momentum tensor as
1 6Sm
Thp = —2——— , (2.37)
" V=9 0guv
we then get the Einstein equation:
1
R, — §ng =81GT . (2.38)

Before continuing, let us introduce Penrose diagrams.

Penrose Diagrams

Like a Minkowski diagram, which represents flat spacetime in special rela-
tivity, a Penrose diagram allows us to represent causality in an understand-
able way. But in contrast to Minkowski diagrams, Penrose diagrams are
conformally equivalent to the actual metric of spacetime, and allow us to
represent all of spacetime on a finite diagram.

Figure 1 is a good example of a Penrose diagram. Every point on the dia-
gram is a 2-sphere, and each hyperbola that is drawn represents a curve of
either constant time (if horizontal) or constant space coordinate (if verti-
cal). i° represents spatial infinity (note that the diagram is left-right sym-
metric), i " is the future timelike infinity and 7 ~ is the past timelike infinity.

Volume 16 | Issue 1 | April 2021

time

space

Figure 1. Penrose diagram of spacetime

We say that .# * is the future null infinity and .# ~ the past null infinity. On
such a diagram, light moves at a 45° angle with the time and space axes (as
shown by the photon), hence, as all events B that another event A can in-
fluence lie within the light cone of A, all such B lie within a 45° angle with
the time axis from A. Also, all timelike curves start at i~ and end at i T, all
spacelike curves start and end at each i°, and lightlike curves start on .# ~
andend on .# .

Penrose diagrams are useful for representing black holes and wormbholes.
We will now work out one of the solutions of Einstein’s equation which de-
scribes a black hole.

Schwarzschild Solution

The Schwarzschild solution is one solution to (2.38), and the earliest exam-
ple of a black hole and, as a matter of fact, of a wormhole. We will derive it
here as an exercise.

In GR, the unique static spherically symmetric vacuum solution to (2.38)
is the Schwarzschild metric [11][12]. A breakdown of all the terms:

o “static” means that the components of g,,, do not depend on t, and
that there are no cross terms of type dtdz" or dz'dt in the metric.

“spherically symmetric” means that,
(t,r,0, ¢), the metric depends on

in spherical coordinates

dO? = d6* + sin® 0 dg>. (2.39)
« “vacuum solution” means that 2.38 reduces to

Ry — %ng =0= R, =0. (2.40)

We can thus try to construct such a metric. It will be of the type
ds? = —e2*M g2 4 280 g2 1 272002, (2.41)

Performing a change of variables
F=e "y

with dif = €"dr + " rdy = (1 + TZ—Z) e’dr, (2.42)

we get
d -2
ds? = —e**Mat? + (1 + rd—z> A= g% L 72407 (2.43)

and we can now relabel 7 — r and

2
<1+Tdi) P2, 28,
dr

(2.44)



giving the metric

ds* = —e**Mat* + PO dr? 4 r2d02. (2.45)
Let us now use Einstein’s equation to solve for ¢, 5. The Christoffel symbols

are given by:

It =0« Iy, =e*Poa I, =088
rf, =1 Thy = —re 2? I, =1 (246)
;d> = —re 28sin%0 ng(b = —sinfcosf dez = Z:’:z

bearing in mind that all other elements are either O or related by symmetry
to those indicated. We thus get the Riemann tensor elements:

Rtv‘tr = 8raa'rﬂ - 8306 — (aroz)Q

Rlypio = —7"6725&04
Rt¢t¢ = —re 2P sin? 00,
. 2.47
R0 =re 0,8 (247)
R 4rp =re 2P sin” 00,3
R9¢e¢ = (1 — 672/3) sin? @
giving us the elements of the Ricci tensor:
5 |2
Ry = 2@ {;8704 — 8rad, B + 020 + (9ra)®
2 2 2
R.. = - B+ 0radrf — Oy — (Or) (2.48)

Roo = e 2P [r (0,8 — 8,0) —1] + 1
R¢¢ = sin2 QRQQ.

Since R, = 0, and since R;; and R, vanish independently, we can set:
_ 2
0= 62(a ﬁ)Rtt + Rrr = ; (87«& + 87«,8)

givingus o = —fB + ¢, ¢ € R. Rescalingt — e~ “t gives
a=-8. (2.49)
We also set Rgg = 0, yielding

e (2rora+1) =1
= 0O (re%‘) =1

R
= =15
.

where Rg is a constant called the Schwarzschild radius. Since we have

g = —e>® — (1 — %) and in the weak-field limit it satisfies
Gt = — (1 — MTM) around a point mass, we obtain that

Rs =2GM, (2.50)
and

—1
ds® = — (1 - M) dt* + (1 - 2G7M) dr® +r2d®  (2.51)
r r
is the Scharzschild metric. We can think of (2.50) as the definition of M.

The metric diverges for » = 0 and r = 2GM. Since R*"? R, p0 =
48G2 M?

5~ diverges for r = 0, it is a singularity of the metric.

The behavior of matter outside » = 2G'M can be nicely described, but the
interesting part comes from analyzing the Schwarzschild solution at r <
2GM.

Schwarzschild black holes

Let us now, in an attempt to understand causality in the Schwarzschild met-
ric, study radial null curves, for which 6 and ¢ are constant. By definition,
ds® = 0 on null/lightlike curves. As a quick reminder we have ds® < 0 for
timelike curves and ds® > 0 for spacelike curves:

-1
dSQ:O:—(1—2G—M)dt2+<1—2G—M> dr?,
T T

implying

-1
a_ (1 - QGM) . (2.52)
dr r
which is the slope of the light cones on a spacetime diagram of the ¢ — r
plane. We have lim g—ﬁ =4+1,and lim % = #4o00. It thus seems that
r—4o00 r—2GM

the light rays never reach r = 2G' M but that is just an illusion caused by
our coordinate system (hence an outside observer will never see the light
rays reach that point). In order to see what really happens, we need to find a
more suitable coordinate system. First, let us take ¢ — £7* 4 const, where
r*=r+2GMIn (L — 1). Our metric thus becomes well behaved at

2GM
r = 2G'M (meaning that it is not a singularity after all). Now, define

v=t+1r"

u=t—r" (2.53)

and use the coordinate system (v, 7,0, ¢), known as the Eddington-
Finkelstein coordinates. The metric now becomes:

ds® = — (1 _ @) dv? + (dvdr + dr dv) +r2dQ°  (2.54)
T

and the determinant of the metric is g = —r*sin? 0, well-behaved at r =

2G M. The condition for radial null-curves is solved by:

dv _ fo.
dr 2(1—

This result is interesting. The light cones remain well-behaved, but for r <
2G M, they close up (22 < 0 for outgoing curves for r < 2GM), hence all
future-directed paths are in the direction of decreasing r. Hence, r = 2G M
is a point of no return: this is the event horizon. Since nothing can escape
it, the whole region lying within » < 2G'M is called a black hole.

(infalling)

_ 2.55
26 ' (outgoing) .

We can extend the Schwarzschild solution even further to include even
more regions.

Indeed, in the (v, r) coordinates, we can cross the event horizon on future-
directed, but not on past-directed paths. If we now choose to replace v by
u from (2.53), our metric becomes

ds® = — (1 - QGTM> du® — (dudr + dr du) +r*dQ*  (2.56)

for which we get

du | -2(1-
dr — )o.
The event horizon can only be crossed on past-directed paths. Where the
coordinatees (v, r, 0, ) extended spacetime to the future, the coordinates
(u, 7,0, ¢) extended it to the past. We call that region of spacetime a white

hole (a region from which things can escape to us, while we cannot get
there).

2GTM) -1 , (infalling) (2.57)

(outgoing)

Following spacelike geodesics uncovers even another region. Using the co-

ordinates

/I w/AGM
v (2.58)
W = e—u/4GM :
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t=constant

r=constant

I r=0 |

Figure 2. Penrose diagram of the Schwarzschild metric. Region | is our asymptotically
flat region outside 1 = 2G M, Region Il is the black hole, Region Il the white hole
and Region IV the other asymptotically flat region. » = 0 represents the singularity.
Note that only spacelike curves connect regions | and IV, and that all timelike curves
onllendatr = Oandonlllstartatr = 0.

which can be expressed as

1
o = ( ro 1) 2 (r0)/4GM
2GM (2.59)

1
r_ r 2 (r—t)/AGM
C () |
u (QGM ¢

we can create the new set of coordinates (7, R, 0, ¢), where T and R are

defined as
3 t
e/ 4EM ginh (74GM)

_ 1. no_ " 3 r/AGM t
R—i(vfu)—(QGMfl) e cosh ) (2.60)

) or/2GM

T:%(U/+u/):(

S
.
S

|
N

. 2 2 i
Thus, using 7° — R* = (1 — sanr

, the metric becomes
33
2 _ 32G° M e,T/QGM

r

ds (—dT? + dR?) 4 r*dQ°. (2.61)
With these coordinates, the metric covers all of spacetime for which —oo <
R < 400,T? < R? + 1. We can thus uncover a fourth region: another
asymptotically flat spacetime which can only be reached from the other re-
gions by spacelike curves. That is we can not reach it, nor can anything from
it reach us. We can think of it as a region connected to the region r > 2G M
by an ER bridge. The entirety of spacetime covered by the Schwarzschild

metric can be represented by Figure 2.

We can think of the non-traversable ER-bridge, if we were to slice the di-
agram into spacelike slices of constant time, as the two regions I and IV
reaching for each other, join together through a wormhole for a while, then
disconnect. The wormhole closes too quickly for anyone to traverse it.

Now that we have seen both the EPR Paradox and ER Bridges, we can start
reviewing ER=EPR.

3 ER=EPR, wormhole teleportation and wormhole
dynamics.

We can now finally make a connection between general relativity and quan-
tum mechanics, by connecting ER Bridges and the EPR Paradox through
the statement ER=EPR. It is a quite recent hypothesis[3], with certain im-
plications on the feasibility of teleportation using wormholes. We will thus
review both concepts here, before diving into our own deductions and con-
tributions.

3.1 ER=EPR

Maldacena and Susskind present in their paper “Cool horizons for entan-
gled black holes” [3] a conjecture on Einstein Rosen bridges (ER) and quan-
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Figure 3. Penrose diagram of the situation described: Alice sends a message through
her black hole, which can only be intercepted by Bob if he enters his. If Alice sends it
early enough, and her message is a deadly set of quanta, then this situation represents
a firewall from Bob's perspective.

tum entanglement (EPR), claiming that both phenomena are the same.

Firstly, they present different ER bridges, like the AdS black hole or the
Schwarzschild black hole as presented here in section 2.4. It is shown that
the ER bridge onnecting each of the two black holes in each case can be de-
scribed at ¢ = 0 as an entangled state [¢)) = > BB |n,n), and that,
if we consider the time evolution of |)) to be

En )
[r) =D e e n,n)

n

(3.1)

each [1)¢) can also represent a different state. They thus claim that black
holes represented in such a way do not have firewalls, and that we can in-
stead consider Figure 3.

They also describe a way of creating an ER bridge by using quantum entan-
glement, and how the wormhole geometry varies with time.

After that, the authors present their main claim: that an ER bridge and an
EPR entanglement are the same thing (hence ER=EPR). They base this on
the numerous similarities between the two phenomena (i.e. that both phe-
nomena do not violate locality and that both forms of connection between
two shares either need a pre-existing connection or direct contact of the
two connected shares to be created, that is they cannot be created by local
operations or classical communication). They therefore claim that every
instance of an ER bridge is also an instance of quantum entanglement, and
vice versa. The paper also explores the possibility of Einstein-Rosen bridges
which, instead of connecting two black holes, connect a whole set of par-
ticles together. That way, every two subsystems are maximally entangled
and thus connected by the ER bridge. They also study how such a system
would behave, and how Hawking radiation is such a cloud entangled with
a black hole.

3.2 Using wormholes for teleportation

Assuming ER=EPR, it should be possible to teleport information through
a wormhole exactly like one can teleport information using an entangled
pair of particles. This idea is presented in the paper “Teleportation through
the wormhole” [5] , of which we present now a summary, as well as some
further implications of ER=EPR:

Some prerequisites

A black hole of entropy N will be represented by N qubits, and the Hamil-
tonian by H = 3}, ; hij, h depending on the Pauli operators. The



time-evolution U (t) = e *H js used to express precursor operators
UT (t) AU (t), where A is an operator that adds or subtracts particles to
the system, which represent a system to which A is applied at time t. Note

that U (t) and U (¢) act on a different number of qubits.

As such a system needs a time ¢, = log N to scramble, the corresponding
time-evolution operator for an N qubit system until scrambling is denoted
by Vy = et The complexity of Vv IV log N, hence that of viwv
for a simple two qubit operator W is, by the switchback effect, N.

The actual protocol

Let us now assume that Alice and Bob each have one throat of the worm-
hole, each portion labeled A and B respectively, which is modeled by a sys-
tem of 2N maximally entangled qubits, such that its entropy is V. Suppose
that Alice wants to teleport a system of n particles in the state | ¢) denoted by
T. We need to take into account that n < N and that Alice needs to send a
classical message of size 2n for this to work. We consider the example case
n=1

We assume that the initial state of the system is the thermofield-double state

ITED) = > " [I) 4 1) 5, (32)
I

where |I) , p is the complete set of states in the chosen bases of A and B’s
systems. If k is a complete set of states in the Hilbert space of T, i.e. [0) , |1),
then T’s state is

8)r =D d (k) |k) - (33)
k
The initial state of the whole system is thus
linitial) = " ¢ (k) k)7 [1) 4 1) 5 - (3.4)

Ik

Before the teleportation, the qubit of T is absorbed by the black hole A and
scrambled. This is represented by applying the operator V' on the initial
state:

V [initial) = > "¢ (k) V |kI) 47 |T) s - (3.5)

Ik

Picking now any two qubits from (AT), and labeling them as 0, in the state
|0), and all the other particles from that system as «, our system is thus in
the state:

> (k) 10,0) (0,0l V IKI) |1} (36)
I,k,0,
Defining now V,5;* = (8, a| V |kI), (3.6) becomes
> )Vt 510,0). 3.7)

I,k,0,

Alice then measures 6, obtaining a specific result which she then sends to
Bob, who then acts on B with a unitary operator Z?, which bijectively de-
pends on 6, obtaining | ¢) as a result. The paper studies how to choose Z? in
order to minimize the time between sending and receiving | $), but here we
will just focus on the protocol. We therefore jump directly to the necessary
operator Z?, which minimizes the time complexity:

72’ =U'(t.) (Z VI‘{;VVJB> U (t.).

vy

(3.8)

3.3 Consequences of ER=EPR, wormhole dynamics, electromagnetic
wave equation and photon energy-momentum tensor

Even if a wormhole teleportation protocol exists, it is still necessary for a
wormbhole connecting two particles as a quantum entanglement (and thus
serving as a bridge for information from one particle to affect the other as

claimed in [5]) to either be traversable or to allow information in its interior
to affect its exterior. We prove this qualitatively:

Claim 1. A wormbhole connecting two particles that are entangled is either
traversable or lets information permeate, supposing ER=EPR holds.

Proof. If we suppose that every quantum entanglement is an instance of
a wormbhole, and that the influence of the measurement of one of the con-
nected systems on the value taken by the other is in fact just an information
transfer through that wormhole connecting both systems, then this would
either mean that such a wormhole is traversable, or that the information
inside a wormhole can have observable influences on the outside of the
wormhole, in order for the information to affect the second particle. =~ W

We explore here and in Appendices A and B the possibility that the in-
coming information changes the metric if ER=EPR is valid, which raises
the question about the validity of the no-hair development. To this end,
we will study the particular case of an incoming photon moving towards a
Schwarzschild black hole in the original (¢, 7, 6, ¢) coordinate system, cal-
culating the energy-momentum produced by a particular solution to the
electromagnetic wave-equation in curved spacetime.

Finding the energy-momentum tensor

By Appendices A and B, in which we determine how to calculate the energy
momentum tensor of our metric from the Faraday tensor for Appendix A
and how to obtain the Faraday tensor by solving the electromagnetic wave
equation in curved spacetime for Apendix B, we can determine the Faraday
tensor from the metric and the electromagnetic potential A,:

Fu =V A, — VoA, = 9,A, —Th, Ay — 3, A, + T, A\ (3.9)

and since A, = g, \A?, we can determine that all elements of F,, are0
except for:

Fip = —Fry = 0:Ar —T5, Ay — 0, Ar + TL Ay = 0: A — O, As
= 0t (grrA”) = Oy (greA") (3.10)
= grr O A" — OrguA' — gu0, A"
After solving the wave equation, we get a spherically symmetric wave. In-
deed, using (??), setting
e <(6rf1f2 + 110, f2) (r = 2GM) + 2fo 1 (r — 2GM) — SE2MW2
(Fois (r —2GM)? 4 4620422

n W )
4G2 M2, d
f2+ F1(r—2GM)2r2
we get
W
Fir = / [_ 41G2M2w?
fa(r —2GM) + 1 (r—2GM)r3
N iwdG? M? (3.11)
faf1r? (r — 2GM)? 4 4G2 M?2w? '

+ iWw2GM <1 _ g) f3] Jret*r=wb 4L dw.

We can see that F},. is non-zero.

From this, we get, with F** = g"®g"# F_ 5 the energy-momentum tensor
generated by the particular photon producing the electromagnetic potential
22 in the Schwarzschild metric:

3 2GM 2
-5 (-2 FE 0
0 E L F? 0
2 2GM ) " tr
Ty = (1-26M) . , (3.12)
0 0 1r2F2 0
0 0 0 Lr?sin?0F2.
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which has elements that are non-zero. Therefore, we can conclude that the
incoming photon indeed has an effect on the metric.

We must stress that this result is interesting, as this seems to help substan-
tiate the claim that an object entering a wormhole changes its metric. The
case with a photon is very particular as it does not directly contradict the
no-hair theorem, which states that the only parameters affecting the metric
of a black hole are its mass, angular momentum and charge. As the photon
carries angular momentum, this should be what affects the metric. More
work is needed to see if, for photons or massive objects, the change in the
metric can be directly related to the mass, charge and angular momentum of
the incoming object, or if there is other information affecting it. We could
even go a bit further and imagine that the change in the metric is uniquely
determined by the information of the infalling object, which would lead to
another protocol for wormhole teleportation than that of [5]. And even if
the metric remains unaffected by the information, with Claim 1, we have
established that certain wormholes are either traversable or let information
permeate if ER=EPR holds, meaning that that can also be used for teleport-
ing information (say the spin of a particle).

Further Developments

Although we did not solve Einstein’s equation in order to see how exactly
the metric changes, we think that the result might be worth studying. We
expect the metric of the wormhole to change uniquely with respect to the
information sent in, but to do this we would need to solve Einstein’s equa-
tion using (3.12) as the energy-momentum tensor to determine the new
metric. We also want to point out that we have used here the Schwarzschild
metric in the original coordinate system, which only properly describe the
metric outside the black hole. This is probably useful to determine how a
photon inside might affect the metric outside, but we also think that study-
ing this in the Kruskal-Szekeres coordinates is probably better. Addition-
ally, the Schwarzschild black hole is not a good contender for a wormhole
connecting two entangled particles, hence we would need to study different
types of black holes/wormbholes for better results.

It is also worth noting that a change in the metric is not the only possible ex-
planation for information permeability. black hole complementarity might
be a good candidate, or maybe even Hawking radiation. Traversable worm-
holes would also let information permeate for obvious reasons. Finally, we
must also consider the possibility that ER=EPR does not hold.

4  Conclusion

We have reviewed the basics of quantum teleportation and of wormholes,
and subsequently one of the implications of the claim ER=EPR, that is that a
wormbhole and a quantum entanglement are the same object, namely how,
analogously to quantum teleportation, wormholes could be used to tele-
port information. We have also determined that certain wormholes have
to be either traversable or at the very least let the information stored inside
somehow affect the outside in an observable way. We have advanced the
claim that the information might change the metric at the receiving end
of the wormhole, and have started to explore this path. Unfortunately, we
were only able to obtain the energy-momentum tensor, without being able
to either solve Einstein’s equation or obtaining it in the Kruskal-Szekeres
coordinate system.

We have only started exploring one of the possible ways information swal-
lowed by one throat of a wormhole might affect the other end in an observ-
able way. Other ways that could be explored would be black hole comple-
mentarity [13] for example. Several papers, such as [14] and [15] have es-
tablished theoretical frameworks in which traversable wormholes are pos-
sible, and it would be interesting to examine if such a wormhole might be
a good candidate for the usual quantum entanglement.
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