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Convective Rolls in a Compressible Fluid
Katherine J. Simzer1, Gregory M. Lewis2

Abstract

Rayleigh-Bénard convection occurs between two horizontally infinite plates when the lower plate is heated
with respect to the upper one. The temperature gradient between the two plates causes convective rolls to
form as the warmer fluid below becomes more buoyant than the cooler fluid above it. The standard (classi-
cal) analysis uses the Boussinesq approximation, which neglects the variations of fluid density except in re-
lation to buoyancy forces. This approximation is not accurate for some real-world applications. This project is 
inspired by the atmosphere, so we will consider the onset of convection in a vertically stratified layer of fluid 
which we model using the anelastic equations. The standard analysis is presented in many textbooks and is
used as a comparison to the analysis for the compressible fluid presented here. Using linear stability analy-
sis, we compute the critical temperature differences required to induce convection. It is not possible to find 
analytical solutions, and therefore, numerical methods implemented in Python using LAPACK subroutines 
are used. Results of the critical Rayleigh number at the half-height of the fluid for a range of plate separation
distances are computed. For all the cases that are considered, the solution for the compressible problem fol-
lows the standard solution for plate separation distances smaller than some viscosity-dependent value that
increases with the viscosity of the fluid. For larger d, it is observed that the stratification inhibits the onset
of convection. Our solution is far more idealized than any actual convection happening in the atmosphere.
However, it does demonstrate, in this context, the limits of the Boussinesq approximation.

Introduction

Rayleigh-Bénard convection occurs in a fluid confined between two hor-
izontally infinite plates when the lower plate is heated with respect to the 
upper one. When the temperature difference between the two plates is suf-
ficiently large, the fluid begins to flow, as the warmer fluid below becomes
more buoyant than the cooler fluid above it. This problem was first studied 
by Lord Rayleigh, in the context of an approximately incompressible fluid. 
(1,2) The onset of convection leads to the formation of patterns in the flu-
id. As the temperature difference between the plates is increased further 
past the critical value required to support fluid flow, the pattern seen in 
the fluid becomes increasingly more complicated. (3-5) This paper will 
consider the simplest pattern that is known to occur near the onset of con-
vection, which consists of straight, parallel convection rolls; (5,6) see Fig. 
1. This work is inspired by convection in the atmosphere, and, thus, will 
investigate the onset of these rolls in a compressible, vertically-stratified 
fluid which we model using the anelastic equations, which have been used 
extensively to model convection in the atmosphere. (7,8) Natural convec-
tive patterns in the atmosphere tend to vary greatly in time and across 
the horizontal plane, but they do keep a similar vertical structure to these 
idealized convective rolls. (5)

The standard classical analysis of Rayleigh-Bénard convection uses 
the Boussinesq approximation, (9) in which variations in the density 
of the fluid are only accounted for in the buoyancy term, and thus the 
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fluid is consider to be incompressible. This approximation requires low 
Mach-number and neglects acoustic frequencies. Work has been done to 
study the validity of the Boussinesq approximation in a compressible fluid 
in the context of the onset of convection, (10) which shows that it is only 
valid when the vertical dimension of the fluid is much less than any scale 
height. This implies that, in this context, the Boussinesq approximation 
will not hold at the spatial scales of the atmosphere. 

Jeffreys (1930) found that instability in a compressible fluid arises only 
once the temperature gradient exceeds the adiabatic one. (11) They pro-
pose that the excess temperature gradient could be found by the same for-
mula which gives the gradient needed for instability in a Boussinesq fluid. 
However, they conclude that this can only be applied directly when density 
does not vary greatly in the system. Spiegel (1965) verified Jeffreys’ claim 
by performing a perturbation expansion in terms of layer thickness. (12) 
Non-Boussinesq convection with no-slip top and bottom boundaries has 
been studied by Tilgner (2011), using parameter values fitting the terres-
trial troposphere. (13) They conclude that data collapse is obtained when 
an effective density given by the geometric mean of the maximum and 
minimum densities in the convecting layer is introduced to the scaling 
laws.

Other studies have looked at the anelastic approximation for a compress-
ible fluid. This approximation was first proposed by Ogura and Charney 
(1960), (14) who implemented the anelastic approximation by filtering out 
the sound waves from the adiabatic motions of an inviscid fluid. (15) Fur-
ther analysis of anelastic convection by a one-parameter expansion was 
done by Gough (1969), showing that molecular and radiative transport 
processes are approximately static on a convective timescale in the atmo-
sphere. (15) In both papers, the range of the temperature is assumed to be 
close to the minimum required to produce the onset of convection. In the 
context of stellar convection, Spiegel (1965) studied the onset of convec-
tion in a polytropic atmosphere using a perturbation expansion in terms 
of layer thickness. (12)

There have been further studies of non-Boussinesq fluids in a variety of 
other contexts as well. Burnishev, Segre, and Steinberg (2010) looked at 
heat transport in turbulent convection of SF6 near its gas-liquid critical 
point, and found that there is a symmetrical vertical dependence of the 
main physical properties such that the temperature in the midplane of the 
cell stays equal to the average value, despite the variations in fluid prop-
erties across the cell height. (16) Ahlers et al. (2007) experimentally mea-
sured and then calculated the non-Boussinesq effects of strongly turbulent
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Figure 1. Thermal convective rolls between two infinite plates of 
different temperatures. Reproduced following Acheson (1990). 

(18)
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convection in ethane gas, finding a decrease of the central temperature 
compared to the mean of the top- and bottom-plate temperatures in the 
Boussinesq case. For the case of a numerical simulation of a perfect gas 
contained in a rigid box, Robinson and Chan (2004) found that a strong 
enough stratification caused changes in the observed bifurcation, where 
the signs of the thermal perturbations became antisymmetric about the 
roll center instead of symmetric as seen without the stratification. (17)

This paper will present an analysis of the onset of convection in a com-
pressible fluid and compare the results with those for a fluid that follows 
the Boussinesq approximation shown in, for example, Acheson (1990) (18) 
and Kundu and Cohen (2002). (19) In this context, we seek a quantitative
measure for the spatial scale at which the Boussinesq approximation 
breaks down for the parameter values relevant to the Earth’s atmosphere, 
and we seek to determine how this value changes when the viscosity of the 
fluid is changed.

Model

We consider the problem of the onset of motion in a layer of fluid con-
tained between two infinite horizontal plates, where the plates are sepa-
rated by a distance d, the lower plate is held at a temperature Tl , and the 
upper plate is held at Tl − ∆T . We model the flow of the fluid with the 3-D
Navier-Stokes equations together with the thermodynamic energy equa-
tion for dry air and the mass continuity equation. (20) We assume that the 
equation of state of the fluid is given by the ideal gas law. In an isothermal 
atmosphere in hydrostatic balance, the hydrostatic pressure p0 and density 
ρ0 vary only with height z and are given explicitly by

p0 = p00e−z /H,         ρ0 = ρ00e−z /H

where H = R*T0/g is a scale height, R* is the ideal gas constant, g is the 
gravitational constant, T0 is a constant reference temperature defined as 
p0/(R*ρ0), and p00 = p0(z = 0) and ρ00 = ρ0(z = 0) are a reference pressure 
and density, respectively. We make the assumption that the density and 
pressure exhibit only small deviations from these profiles, which is a rea-
sonable approximation for the atmosphere. (20) In particular, elastic varia-
tions in the flow, such as sound waves, are filtered. The resulting equations 
are generally referred to as the anelastic equations. We therefore write the 
pressure p = p0+p', density ρ = ρ0+ρ', and absolute temperature T = T0+T' 
of the fluid, where

,        ,        .

In addition, we make the assumption that the deviations from the static 
vertical profile satisfy 

which is expected to be a good approximation when the distance d be-
tween the plates is small relative to the scale height H. With these approx-
imations, we can eliminate the density deviation ρ', and the momentum 
equation becomes 

       (1)

the thermodynamic equation becomes

(2)

and the continuity equation becomes 

(3)

where                          is the fluid velocity vector in a Cartesian coordinate 
system (x, y, z) rotating at rate ,                ,

       ,    ,

the Laplacian  , μ is the dynamic viscosity or alternatively an 
Eddy viscosity coeicient, k is the thermal conductivity, cV is the specific 
heat at constant volume, and Q is the heating rate due to, for example, 
radiant and latent heat. We have assumed that the dynamic viscosity μ and
the thermal conductivity k are constant.

For the boundary conditions, we assume no-slip at both plates. That is, the 
fluid will have zero velocity relative to the boundary. The temperature at 
the upper and lower plate is fixed at the prescribed values.

Equations 1–3 define a closed system for the fluid velocity      , tempera-
ture deviation T', and pressure deviation p'. Similar equa- tions appear 
in Spiegel (1965), (12) except that equations 1–3 use a simpler form of 
the viscosity and relation between the temperature and density deviations. 
We follow Spiegel (1965) and choose to work with the equations in di-
mensional form, because non-dimensionalization does not simplify the 
analysis. (12) In particular, in this context, the Rayleigh number depends 
on height z. However, to facilitate comparison with the classical results, we 
will present our results in terms of the Rayleigh number Rh at the centre 
height between the plates

                           (4)

as in Spiegel (1965), where cp is the specific heat at constant pressure (12). 
This is similar to the standard definition of the Rayleigh number except 
that it includes the vertical variation in the basic density profile, and the 
difference ∆T/d − g/cp of the imposed temperature gradient and the adia-
batic lapse rate replaces the temperature gradient alone. The latter empha-
sizes that the imposed temperature gradient must overcome the adiabatic 
lapse rate before instability can set in.

In this paper, we consider a non-rotating system and we assume that there 
is no source of heating other than the plates. That is, we take  = 0 and 
Q = 0. The effects of these choices on the dynamics will be considered in 
subsequent investigations.

Analysis

In the absence of motion, an analytical solution can be found in which the 
temperature has a linear dependence on z, where z has bounds from z = 0 
to z = d. This solution is the conduction solution T' = Tcd, where

     

and we have chosen Tl = T0 + ∆T/2. It is convenient to write T'= T''+ Tcd,  in 
which case the thermodynamic equation becomes

(5)

with corresponding boundary conditions T''(z = 0) = T''(z = d ) = 0. Writ-
ten as such, T'' = 0, w = 0 is the solution of Eq. 5, which corresponds to the 
conduction solution.

For sufficiently low values of ∆T, the conduction solution is stable. We 
expect the onset of convection to occur at the value of ∆T for which the 
conduction solution becomes unstable to some small perturbation. In par-
ticular, we seek the parameter value ∆T = ∆Tc for which perturbations 
decay for ∆T < ∆Tc, and for which at least one form of perturbation grows 
for ∆T > ∆Tc. Because we consider only small perturbations, we can deter-
mine their dynamics from the linearization about the conduction solution.

We will restrict our attention to the case where the solutions at onset cor-
respond to convective rolls (Fig. 1), where the flow consists of spatially 



McGill Science Undergraduate Research Journal - msurj.comPage 52

periodic pairs of counter-rotating cylindrical cells. As such, we consider 
only perturbations of this form. In this case, by orienting the y-axis along 
the lengthwise direction of the rolls, we can assume that v = 0 and that the 
solutions do not depend on y. We can, therefore, use a modified stream 
function, ψ, which ensures the continuity equation 3 is implicitly satisfied. 
In particular, we choose ψ = ψ(x, z, t) such that

(6)

If we take the curl of the linearized momentum equation 1, we can elimi-
nate the pressure, and obtain 

(7)

We can determine the evolution of ψ from the y-component of Eq. 7

       (8)

where we have eliminated u and w using Eq. 6. This equation together with 
the linearization of Eq. 5 defines a closed system that describes the evolu-
tion of the perturbations ψ,T'' when these are small. The corresponding 
boundary conditions are

           at 

The second boundary condition on ψ ensures that the horizontal velocity u 
vanishes on the boundaries. In order to ensure that the vertical velocity w 
vanishes, we only require that ψ is constant on the boundaries. If this con-
stant were different on the top and bottom boundaries, then there would 
be a net (average) flow in the x-direction, which is not expected due to the 
symmetry of the problem. We can, therefore, take ψ = 0 on both boundar-
ies, because ψ is only determined up to an additive constant.

Because the convective rolls are spatially-periodic in the horizontal for 
some unknown period, we seek separable solutions of the form

 (9)

where 2π/a is the horizontal spatial wavelength of the solution and, there-
fore, π/a gives the horizontal extent of each roll. Substitution of Eq. 9 into 
the linearized equations results in a (generalized) linear differential eigen-
value problem for the eigenvalues λ

λAU = LU                                                (10)

where A and L are linear ordinary differential operators and 
            . In particular, the operators A and L involve up to 
fourth-order derivatives with respect to z; they will also depend on a and 
∆T.

If for a given ∆T, all eigenvalues corresponding to all a have a negative 
real part, all small perturbations of the form of Eq. 9 will decay, and the 
conduction solution will be asymptotically stable. If any eigenvalue corre-
sponding to any value of a has positive real part, the associated perturba-
tions will grow, and the conduction solution is unstable. Therefore, if, for 
each a, we find the ∆T at which a single eigenvalue has zero real part, while 
all other eigenvalues have negative real part, then onset of convection will 
occur at the minimum such value of ∆T. That is, at the critical temperature 
difference ∆Tc a single eigenvalue for a = ac will have zero real part and all 
other eigenvalues associated with all other values of a will have negative 
real part.

This process is not able to determine the full form of the solution for 
∆T > ∆Tc because it is not able to determine the possible variations that 

may occur in the y-direction. In particular, in the classical Rayleigh-
Bénard convection, close to onset, both rolls and hexagonal cells can be 
observed. (18) Thus, it is expected that our analysis will only determine 
the critical ∆Tc and the preferred horizontal spatial scale a = ac of the solu-
tion. The eigenvalue problem (Eq. 10) cannot be solved analytically, and 
therefore we use second-order centred finite differences to discretize in the 
z-direction on a uniform grid. Upon discretization, the problem is reduced 
to a matrix eigenvalue problem. The solution process is implemented in 
Python using LAPACK subroutines from the SciPy linear algebra module, 
which is expected to be accurate to round-o error. For all calculations, we 
discretize the vertical using N = 100 uniformly-spaced grid points; some 
of the computations are verified by also using N = 50 and N = 200 grid 
points.

Table 1 lists the values of the parameters used in the solution.

Table 1. Values of parameters used.

Results

For each value of the plate separation distance d that we consider, we seek 
the minimum value of the temperature difference ∆T for which the con-
duction state is neutrally stable. That is, we seek the critical temperature 
difference ∆Tc for which a single eigenvalue associated with wave number 
a = ac has zero real part while all other eigenvalues associated with all other 
values of a have negative real part. The eigenvalues are determined from 
Eq. 10, from which the evolution of perturbations from the conduction 
solution of the form of Eq. 9, can be determined. If we increment through 
a range of values of the wave number a, and for each a, we find the criti-
cal temperature difference associated with that specific wave number, then 
∆Tc and ac can be found where this critical temperature difference as a 
function of the wave number a achieves its minimum. Fig. 2 is an example 
of a plot of the Rayleigh number at half-height (see Eq. 4) calculated using 
the critical temperature difference as a function of wave number for plate 
separation d = 0.1m, for which Rh = 2390.77 and ac = 31m−1. In this case, 
and in all others that we consider, it is found that the critical eigenvalue is 
real, i.e. it is equal to zero. 

The overall minimum critical temperature distance ∆Tc and its corre-
sponding value of ac are calculated for different plate separation distances 
d, with the corresponding Rayleigh number calculated at half-height. Fig. 
3a highlights the relationship between d and Rh; for these calculations, 
the dynamic viscosity μ = 15.98 × 10−3kg m−1 s−1, and values for the other 
parameters are listed in Table 1. Two different trends can be seen, with 
lines of best fit that intersect where d = 1.28m. Spiegel (1965) found that 
in the limit of very small layer thickness the problem of convective sta-
bility is exactly represented by the Boussinesq equations as modified by 
Jeffreys (1930). (11, 12) This is what we see for values of d less than 1.28m, 
where the Rayleigh number at the half-height for the onset of convection 
is approximately constant with d. For values of d greater than 1.28m, the 
Rayleigh number at half-height increases for increasing d. Specifically, the 
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slope of the line of best fit on the log-log plot for d > 1.28m is 3.97, which 
implies the approximate relation Rh α d4. The extra data points around the 
point of intersection of the two lines of best fit in Fig. 3a allow us to see that 
the transition between the two relationships is smooth.

Fig. 3b shows the relationship between the wave number a and the plate 
separation distance d. Except for the largest value of d, this relationship 
is linear with slope -1.00 and intercept 3.10 on this log-log plot, imply-
ing that ac ≈ 3.1/d , approximately. The points where d = 5000m and d = 
10000m do not fit well to the line of best fit, with corresponding values of 
a being smaller than expected; we have not included these points in the 
best fit calculation.

In the classical case addressed by Rayleigh (1916) (see Acheson (1990)), 
where it is assumed that the fluid is modelled well by the Boussinesq ap-
proximation and stress-free boundary conditions are used, (1, 18) the rela-
tionship between the critical wave number ac and plate separation distance 
d is given by the expression

  
     (11)

with corresponding critical Rayleigh number given by 

(12)

where α is the coefficient of thermal expansion, and ρ0 is constant. When 
more realistic boundary conditions are employed, the corresponding crit-
ical values are ac ≈ 3.1/d and Rc ≈ 1708 (see Kundu and Cohen (2002)). 
(19) We employ the more realistic boundary conditions, and therefore we
expect our results to compare more closely to these.

In these classical problems, the critical Rayleigh number is independent of 
plate separation distance d. However, it is clear from Fig. 3a that this is not 
the case for a compressible fluid. At small d, the critical Rayleigh number 
at half-height is approximately constant with d . However, for d > 1m, the 
critical Rayleigh number at half-height grows with d; in particular, there 
is a Rh α d4 relationship. The Rayleigh number at half-height approaches 
the standard Rayleigh number when d is small, and therefore it may be 
expected that the critical value for small d in the compressible case should 
approach that of the classical case. However, even in the limit as d goes to 

zero, the Boussinesq equations are only completely recovered from our 
anelastic equations when cp is replaced with cv (see Spiegel and Veronis 
(1960)). (10) If we do this, we recover the classical Rc = 1708 result for 
the smallest values of d, as expected, which provides some validation for 
our numerical results, as well. Although a discrepancy is observed in the 
critical Rayleigh number at half-height, the relationship between the crit-
ical wave number ac and plate separation distance d for the compressible 
and Boussinesq cases only differ at the largest d. In particular, both cases 
exhibit an ac ≈ 3.1/d relationship, except for the two largest values of plate 
separation distances where d = 5000m and d = 10000m, at which the com-
pressible case deviates.

A. The two lines of best fit intersect at the point where
d = 1.28m and Rh = 2446.27. Their slopes are 0.006 for

d < 1.28m and 3.97 for d > 1.28m.

These results have been verified by repeating the calculations with N = 
50 and N = 200 grid points. Most values of ∆Tc have a percentage change 
much less than 1%, with only d = 0.01m having a larger change for N = 

Figure 2. Zero eigenvalue plot produced for μ = 15.98 × 10−3
[kg m−1s−1] for d = 0.1m.

B. Comparing the horizontal length scale of the
disturbance for different distances between the plates.

The slope of the line of best fit is -1.00.

Figure 3. Graphs produced for μ = 15.98 × 10−3

[kg m−1 s−1].
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200. For values of a, most have no change with the exception of the largest 
d for d = 5000m and d = 10000m. This could explain the deviations in 
the results for large d in the graph of a vs. d. The reason for this is likely 
because at the small scales of a when d is large, there are only very small 
changes in Rh when trying to obtain the minimum, so the error in
finding the true minimum ac is higher.

Effects of Viscosity

The plots shown in Fig. 3 are recreated for a larger and smaller value of the 
dynamic viscosity μ. The viscosities we use differ greatly from the viscosity 
of dry air at atmospheric pressure since μ can alternatively be interpret-
ed as an eddy viscosity coefficient. The value of the eddy viscosity coeffi-
cient depends on the flow rather than the physical properties of the fluid 
(Holton 2004), (20) so changes in the eddy viscosity may reflect changes 
in the smaller scale fluctuations within the fluid. As previously, the values 
for all the other parameters are taken to be those listed in Table 1; see Fig.
4 and Fig. 5. All of the plots have the same general trends, except with 
significant differences in the points of intersection of the lines of best fit, 
which are listed in Table 2. These points of intersection signify where com-
pressible and Boussinesq fluids begin to differ, where the value of Rh begins 
to increase significantly. The data shows that the higher the viscosity of 
the fluid is, the larger the value of d and the smaller the value of a will be 
for the Rayleigh number to start increasing, and vice versa. The plots for 
each value of viscosity can be seen together in Fig. 4. Despite the differing 
viscosities, the data points and fit for values of d ≤ 1m are very similar (at 
the scale at which the points are plotted). The different viscosities show a 
significant difference for high values of d, where the results of the com-
pressible solution deviate from the trend of the Boussinesq solution and 
the viscosity of the fluid has an effect.

Table 2. Location of the point of intersection (dm, am) for the lines 
of best fit for three values of viscosity μ.

Figure 4. Plot of the relationship between Rh and d for three dif-
ferent values of viscosity. The points of intersection for each are 

detailed in Table 2.

Comparing the relationship between the critical wave number ac and the 
plate separation distance d for the higher and lower viscosity in Fig. 5, we 
can see that the lower viscosity diverges from the linear relationship at a 
lower d, when d = 5000m, and that the deviation is more pronounced. 
The opposite is true for the higher viscosity, where the linear relationship 
is closely maintained for d = 10000m. The reasoning for this is likely the 
same as described before, due to the fact that it is difficult to get an exact 
minimum value of a because they are so small for large values of d. With
the smallest value of viscosity this is the most pronounced because the 
change in the value of Rh at small d is the smallest. For many of the smaller 
values of d, their corresponding values of a are very similar despite the 
differences in viscosity.

Discussion and Conclusion

For all the cases that we consider, the compressible solution follows the 
Boussinesq solution for a small plate separation distance d. This is because 
for smaller values of d there is less difference in the density of the fluid 
from the bottom to the top of the layer. This difference in density increas-
es as d increases and the stratification becomes more pronounced, which 
causes the Rayleigh number Rh to increase as the stratification plays a more 
important role in convection. Jeffreys (1930) proposed that, for instabil-
ity to set in, the temperature gradient across the layer of fluid must first 
overcome the stability due to stratification of the fluid. (11) That is, it must 
exceed the adiabatic lapse rate. The d 

4 dependence, observed in Fig 4 for 
large d, supports this, as it implies that the imposed temperature gradient 
is small compared to the adiabatic lapse rate. To investigate this further, we 
plot the critical temperature gradient (∆Tc /d) as a function of the distance 
d between the plates, and compare this to the adiabatic lapse rate; see Fig. 
6. It can be seen that, for all three viscosities, the critical temperature gra-
dient between the plates needed to induce convection is greater than the 
dry adiabatic lapse rate. This difference is even greater for smaller values of 
d. For higher values of d, the critical temperature gradient for all viscosities 
converges to the same constant value that is greater than the dry adiabatic 
lapse rate. In particular, for 50m ≤ d  ≤ 10000m, the difference between the 
data and the dry adiabatic lapse rate is 3.95 × 10−3 [K/m] for all viscosities.

Figure 5. Plot of the relationship between a and d for three differ-
ent values of viscosity.

We found that the range of plate separation distance d over which the 
Boussinesq assumption is applicable to the compressible case depends on 
the viscosity of the fluid. In particular, there is some clearly-defined vis-
cosity-dependent value of d, which we have determined quantitatively, at 
which the compressible solution deviates from the Boussinesq solution. 
This value of d is larger for a more viscous fluid. It is interesting that this 
deviation comes at scales as small as 1m, although it is not unexpected, 
based solely on the requirement that the imposed temperature gradient 
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must overcome the adiabatic lapse rate. It should be noted that these re-
sults do not imply that the anelastic equations must be employed at all 
scales greater than 1m. In particular, in a stably stratified layer vertical mo-
tion is inhibited, and in the limit as w goes to zero, we recover an incom-
pressible fluid (see Eq. 3), in which the effects of gravity are not important. 
Thus, it is only important to consider the anelastic equations in cases when 
there is significant vertical motion.

Figure 6. The relationship between ∆Tc/d and d is shown for three 
different values of viscosity.

Another deviation between the compressible and Boussinesq cases occurs 
in the ac = 3.1/d relation at large plate separation distance d. For the lowest 
viscosity, the deviation is orders of magnitude for d = 10000m; the corre-
sponding horizontal wave length of the convection rolls in the compress-
ible fluid is of the order of 1000km. This result, however, must be taken 
with caution, as should all results at the largest plate separation distances, 
because the assumptions of our model are only valid when the plate sep-
aration is small relative to the scale height. For the parameters that we 
considered, this scale height is of the order of 7km, which means that we 
cannot be sure of our results for the largest d that we considered. In addi-
tion, we also observed larger changes in the computed values when per-
forming the computations on a finer grid. It is for this reason that the two 
largest values of d are not included in the calculation of the intersections 
for Fig. 3a and Fig. 4, so we can maintain confidence in the results of the 
change in the behaviour.

Near the onset of convection, the structure of the convective rolls can often 
be approximately determined by the eigenfunction (i.e. the perturbation) 
corresponding to the zero eigenvalue. Furthermore, because the eigenval-
ue is real, we would expect the flow to be steady. We do not prove these 
here, because the proof would have to take into consideration the non-
linear terms in the governing equations. Thus, the form of the convective 
rolls is determined by the value of the critical wave number ac for a given 
d, and the vertical part of the eigenfunction     (see Eq. 
9 and Eq. 10). Fig. 7 shows a contour plot of an example of the temperature 
portion of the eigenfunction for d = 1000m; the corresponding plots for all 
other plate separation distances d have similar form. The real part of the 
eigenfunction is plotted; the imaginary part is the same, but with a shifted 
spatial phase. The horizontal structure of the rolls is periodic with period 
2π/ac, and the vertical structure is symmetric about the mid-plane, with 
a maximum occurring at the mid-plane. This follows with the expected 
straight, parallel convection rolls that occur near the onset of convection. 
(5, 6) The vertical cross section through height, which is not shown here, 
also matches what was found in Spiegel (1965). (12)

In this paper, we have studied the onset of convection in a compressible 
fluid contained between two infinite horizontal plates. We use a model that 
is inspired by the parameters found for the Earth’s atmosphere. However, 
in order to simplify the analysis, we consider an isothermal atmosphere 

and we incorporate an assumption that restricts its applicability to plate 
separations that are less than the troposphere’s height. These assumptions 
are sufficient to explore the region in which the solutions of the Boussin-
esq equations begin to differ from those of the anelastic equations. Future 
work will investigate the eects of relaxing these assumptions and will also 
include exploring the effects of a rotating system (  ≠ 0) or one with in-
ternal sources of heat (Q ≠ 0).

Figure 7. Contour plot of the real part of the temperature per-
turbation corresponding to the critical eigenvalue, produced for 
μ = 15.98 × 10−3 [kg m−1 s−1] for d = 1000m. The level heights for 

each contour line are labelled.
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