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Improved Hardy-Sobolev Inequality under
Moment Constraints

This paper is inspired by Aubin’s 1979 result, which established that the best constant in the Sobolev inequality
on the n-sphere, S™, can be improved under the condition of vanishing first-order moments. Recent advance-
ments by Hang and Wang (2021) showed that Aubin’s improvement can be generalized to arbitrary higher-order

moments. We further extend Hang and Wang’s results to the Hardy-Sobolev inequality on S™ by deriving an
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associated concentration-compactness principle and imposing similar moment constraints. Finally, we briefly
outline a framework for extending these results to higher-order Sobolev spaces.

Introduction & Context

Sobolev Inequalities

Sobolev inequalities are fundamental tools in the study of mathematical
analysis, geometry, and partial differential equations. They play a crucial
role in embedding theorems, isoperimetric inequalities, and in ensuring
the existence, uniqueness, and regularity of solutions to partial differential
equations. Essentially, they establish a relationship between the L” norms
of functions and their derivatives, allowing one to trade regularity for in-
tegrability: a function that is sufficiently smooth (regularity) in L” is also
guaranteed to belong to a higher L7 space (integrability), where ¢ > p.

To precisely state the classical Sobolev inequality, we first introduce the
necessary function spaces. Letn > 2andlet1 < p < n. Denote by
D(R™) = Cg°(R™) the space of smooth functions with compact support
and let D"?(R™) be its completion under the norm

1/p
Jull = ( / |wp) |
R7l

This paper will primarily focus on functions in the Sobolev space W7,
but we will state Euclidean theorems in the larger space D' for greater
generality. Denote by p* = np/(n — p) the critical Sobolev exponent. The
classical Sobolev inequality on R", as proven by Sobolev [1, 2], is as follows:

o

Theorem 1 (Euclidean Sobolev Inequality). There exists a constant C', , >
0 such that, for any u € DVP(R™),

. 1/p” 1/p
(/ |ul? dx) < Chp (/ [Vul? dx) .
n R"L

In the study of Sobolev inequalities, we are often interested in determining
the smallest possible value of C,, ,, for which Theorem 1 remains valid. This
minimal value for C), ;, is often referred to as the best Sobolev constant. We
will denote this best constant by K, ,,. Rodemich [3], Aubin [4], and Talenti

@

[5] proved that the best constant for C,, ;, exists and computed its value:

Knp = in 700 (%) o (r <n5$f<195§?+ 1>>W '

Aubin [6] later extended the Euclidean Sobolev inequality (Theorem 1) to
smooth, compact, Riemannian manifolds without boundary. The result is
as follows:

Theorem 2 (Riemannian Sobolev Inequality). Let (M, g) be a smooth,
closed, Riemannian n-manifold. Let1 < p < nand letp* = np/(n — p).
Then, for any € > 0, there exists a constant C. > 0 that depends only on ¢,
M, and g such that, for any u € WP (M),

. p/p”
( [ul? dvg) < (wa—i—e)/ [V gul? dug +C'5/ |ul? dug.
M M M
(3

where V 4 is the gradient with respect to the metric g and dv is the volume
form on M.

Note that, for any Riemannian manifold, the Sobolev constant K, , + ¢
can be made arbitrarily close to K%, by choosing € > 0 to be sufficiently
small. However, unlike in the Euclidean case, the best Sobolev constant
K%, , cannot be achieved without the accompanying constant C. diverging.

Let S™ denote the n-sphere, the n-dimensional generalization of the 1-
dimensional circle and the 2-dimensional sphere to any non-negative in-
teger n. Aubin [7] showed that the Sobolev constant K%, ,, +¢ on S™ can be
improved to K%, /27/™ + ¢ under the constraint that the first-order mo-
ments of |u|?" vanish. In other words, if the function |u|?" satisfies certain
symmetry conditions, the value of the Sobolev constant K%, ,, 4+ ¢ can be
lowered to K%, /2P /™ 4 e. A precise statement of this result is as follows:

Theorem 3 (Aubin [7]). Let (S™, go) denote the n-sphere equipped with the
round metric. Let 1 < p < n and let p* = np/(n — p). Then, for any
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€ > 0, there exists a constant Cc > 0 that depends only on € such that

. p/p* K?
|ul? dv > < ( ~E +E>/ [Vul? dv
(/Sn 90 op/n - 90

+C. |u|? dvg,,
S’n

4

for any u € WHP(S™) that satisfies

/ xi|u|p* dvg, =0
n

fori=1,2,...,n 4 1, where (x1, ..., xn11) € R™HL,

®)

Hang and Wang [8] further generalized Theorem 3 to higher-order mo-
ments. For consistency, we will follow their notation. In particular, denote
by P, the set of all polynomials f : R**' — R with degree at most m

such that
/ fdvg, =0.
Sﬂ,

Additionally, for 0 < § < 1 and m € N, define

(6)

O(m,0,n) = inf { Z v probability measure supported on count-

ably many points {£;} C S™ such that / fdv =0for

n

all f € Py vi = V({&})}. 7)

Hang and Wang’s [8] generalization of Aubin’s improvement (Theorem 3)
to higher-order moments is then as follows:

Theorem 4 (Hang and Wang [8]). Let (S", go) denote the m-sphere
equipped with the round metric. Let1 < p < n, let m € N, and let

p* = np/(n — p). Then, for any e > 0, there exists a constant Cc > 0
that depends only on € such that

. p/p* K?
ul? dv < [ =P —|—€)/ Vul|? dv
( sn| | go) - (9(771»]?/27*7“) S"‘ 1" dvgo

+Ce [ul” dvg,, (8)
STL
for any u € WHP(S™) that satisfies
/ f|u|p* dvg, =0 &)
S”L

forall f € Pr.

Hang and Wang [8] also showed that ©(1, p/p*,n) = 2/ whenm = 1,
recovering Aubin’s [7] original result (Theorem 3).

Hardy-Sobolev Inequalities

The Hardy-Sobolev inequality extends the Sobolev inequality to cases in-
volving weighted integrals, where the integrand is multiplied by a weight
function. In this paper, we will focus on weight functions of the form
dg(z, o), where dy(-, zo) denotes the Riemannian distance from a fixed
point o € M. For the Euclidean case, this simplifies to dy(z, z0)* =
|x—x0|®, and we may set zo = 0 without loss of generality. Let1 < p < n,
let 0 < a < p, and denote the critical Hardy-Sobolev exponent by
p«(a) = (n — a)p/(n — p). Under these conditions, the Hardy-Sobolev
inequality on R"™ is as follows [9, 10]:
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Theorem 5 (Euclidean Hardy-Sobolev Inequality). There exists a constant
Chp,o > 0 such that, for any u € DVP(R™),

1/p* (o) p
</ dx) < Chpa (/ [Vul? dac) . (10
Rn Rn

Ghoussoub and Yuan [11] showed that the best constant for C, o can be
attained. We denote this best constant by Ky, «. Egnell [12] computed its
value, which is given by [13]

Knpo = (n— )" P/0=e) (n_p)P—l
p—1
X (F((p(n — Oé) +p— n)/(p _ Ot)) ) (p—a)/(n—a)
L(p(n —a)/(p — a))
na™?((n — a)/(p — a)) (p—a)/(n—a)
x ( I'(n/2+1) ) :

|u|p*(a)

||

(11

Jaber [14], and Chen and Liu [15] later extended the Euclidean Hardy-
Sobolev inequality (Theorem 5) to smooth, compact, Riemannian mani-
folds without boundary. We state their result:

Theorem 6 (Riemannian Hardy-Sobolev Inequality). Let (M, g) be a
smooth, closed, Riemannian n-manifold and fix some o € M. Let1 <
p < nlet0 < o < p, and let p*(a) = (n — a)p/(n — p). Then, for any
€ > 0, there exists a constant C. > 0 that depends only on €, M, and g such
that, for any u € WP (M),

|u|p*(°‘> . p/p* () ) -
—— dv < (K +5/ u|” dv,
u dg(iﬁ,xo)a g9 ( n,p,x ) ]M| g9 | g
v [ Jup do,
M

where dg is the Riemannian distance on (M, g).

(12)

The goal of this paper is to improve the Hardy-Sobolev inequality (Theorem
6) on S" by imposing moment constraints analogous to those used by Hang
and Wang [8] to improve the standard Sobolev inequality.

Main Result

The following result presents an extension of Theorem 4 to the Hardy-
Sobolev inequality:

Theorem 7. Let (S™, go) denote the n-sphere equipped with the round metric
and fix some xo € S". Let 1 < p < n,let0 < a < p, letm € N, and let
p*(a) = (n — a)p/(n — p). Then, for any € > 0, there exists a constant
Ce > 0 that depends only on € such that

\u|p*(o‘> ] p/p"(a) K2, .
22 de <[ —-——npr
/ d(z, o) " - (@(m,p/p*(a),n) )
X [Vul? dvg,
STL
+ CE ‘U"p dvgm (13)
S”L
for any u € WP (S™) that satisfies
|u‘p*(a)
———— dvg, =0 14
/n fd(l', $0)a Vgo ( )

forall f € Prm.
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To prove this theorem, we take inspiration from Hang and Wang [8] and
instead prove the following, more general statement:

Theorem 8. Let (S™, go) denote the n-sphere equipped with the round metric
and fix some xg € S™. Let1l < p < n,let0 < a < p, letm € N, let
p*(a) = (n — a)p/(n — p), andlet T : Pp, — R be some map. Then,
for any € > 0, there exists a constant Ce, 7 > 0 that depends only on € and
T such that

|u|p*(°‘> p/p" () K?
————— dug, <
sn dg(z,20)™

(swmmriam *°)

></ [Vul? dvg,
JFCE,T/ [ul” dvg,, (15)
STL

for any u € WHP(S™) that satisfies

p*(a)/p
[.g ooy <7(0) ([ 10l o, ) (16

forall f € Po.

‘u|p*(a)

dg(l', mo)a

Since any u € W?'P(S™) satisfying Equation 14 automatically satisfies
Equation 16, Theorem 7 is recovered by taking the limit as T'(f) — 0.

A Concentration-Compactness Principle

The proof of Theorem 8 requires a concentration-compactness princi-
ple, similar to those introduced by Lions [10, 16]. The concentration-
compactness principle is a key tool in the calculus of variations designed
to address the lack of compactness in infinite-dimensional function spaces
such as Sobolev spaces. Unlike in finite-dimensional spaces, where every
bounded sequence has a convergent subsequence, sequences in infinite-
dimensional spaces may fail to converge due to their mass either con-
centrating at specific points or escaping to infinity. The concentration-
compactness principle provides a precise description of this phenomenon:
any loss of compactness is restricted to a discrete, at most countable set of
points. This weaker notion of compactness is often sufficient to analyze
sequences that would otherwise be too irregular to handle. The classical
concentration-compactness principle on R™ is given by Lemma L1 in Li-
ons [16]. A variant of this principle specifically associated to the Euclidean
Hardy-Sobolev inequality is given by the following result:

Theorem 9 (Lemma 2.4 in Lions [10]). Let 1 < p < n and let (uy) be
a bounded sequence in D*F(R™). Suppose that u, — u pointwise almost
everywhere, the sequence of measures (|Vuy|? dx) is tight, and

|Vug|? doz — p, 17)
(o)
‘“’T‘ = dr — v, (18)
X

where (1 and v are some measures on R". Then there exists a non-negative
real number vy € R such that

Mp*(a)
= W dx + 1/050, (19)
p> |VulP do + K, w87 (s, (20)

We require a generalization of Theorem 9 to smooth, closed, Riemannian
manifolds. The result is as follows:
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Theorem 10. Let (M, g) be a smooth, closed, Riemannian n-manifold and
fix somexo € M. Let1 < p < n and let (ux) be a bounded sequence in
WYP(M). Suppose that uy, — u pointwise almost everywhere and that

|V guk|? dvg — u, (21)
|uk|p*(a)
- dv, — 22
dg(x,xo)“ Ug v, ( )

where p and v are some measures on M. Then there exists a non-negative
real number vo € R such that

|u|p*(a) 5
=———d 205 23
v dg(.r,.l‘o)a Vg + Y00z (23)
> |V oul? dvg + K% 8P s, (24)

Before we prove this concentration-compactness principle, we first state
two lemmas. The first is a useful inequality, and the second is related to
concentration-compactness on manifolds.

Lemma 1. Letx,y € R, and let a > 1. Then,

a a a—1 a—1
21" = [yI"| < all2|"" +[y[* )]z —yl. (25)

Proof. The proof is trivial if either z = 0 or y = 0. Suppose then that
x # 0and y # 0. Consider the function f(¢) = ¢®. By the mean value
theorem, there exists a z € R between || and |y| such that

llzl* = Iyl = laz""" (Jz] = [y])]|
a—1
=az""||z| = [yl|.

Since the map ¢ — ™!

ly|, it follows that

is increasing for a > 1 and z lies between |x| and

[l2]* = |yl < amax{]z|*, |y|* " Hlz| — |yl
< alz*™" + [yl* el — lyll.

By the reverse triangle inequality,
[l = Jyl*| < a(lz]* ™" + [y ™)z — yl.
u

Lemma 2 (Lions [16]). Let (M, g) be a smooth, closed, Riemannian n-
manifold. Let ;1 and v be two bounded, non-negative measures on M and
let1 < p < q < oo. Suppose that there exists a constant Co > 0 such that,
forany o € C° (M), the measures satisfy

1/q 1/p
( o] dV) < Co (/ lel” du) :
M M

Then there exists an at-most countable set L, a set of distinct points {x; }icz
in M, and positive numbers {v; }icz such that

(26)

V= Z Vidz,, (27)
i€l
p>CoPy s, (28)
ieT
In particular,
S < . (29)

i€T
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Although Lions [16] proved the above lemma in R™, it can be easily adapted
to manifolds since the proof in R™ does not make use of any properties
unique to Euclidean space. We now prove Theorem 10:

Proof of Theorem 10. Let vy := up — u. Then vp — 0 pointwise almost
everywhere. Suppose also that

[Vgvr|” dvg — i, (30)
|,Uk|p*(a) _
- dv, — U, 31
dg(m71’.0)o¢ Yo v ( )
where /i and v are some bounded, non-negative measures on M.
We first prove the condition on v. Let ¢ € C&°(M). Then puvy €

WP(M). By the Riemannian Hardy-Sobolev inequality (Theorem 6),

|(pvk|p*(a)

</M dg (5”7 T0)®

p/p™ ()
d'Ug) S (Kfz,p,a + E)/ |v9(ka)|p dl)g
M

+C- / lpvk|” dvg. (32)
M

In the limit as k — o0, the left-hand side of Equation 32 goes to

P* (o) P/ (@) . p/p* (a)
lim / lspve]” ™7 dv = ( pr(a) d?/') .
k—oo < m dg(z,z0) 7 M i

We estimate the first term on the right-hand side of Equation 32 using
Minkowski’s inequality:

1/p 1/p
(/ |vg<sovk>\pdvg) s(/ (\vgsouvk\+|so|\vgvk|>"dvg)
M M
1/p
s(/ |vgsa|”\vk|”dvg)
M
1/p
+(/ ngvk\pdvg) .
M
Then,
1/p 1/p
(/ |vg<sovk>|”dvg) —(/ |sa|"\vgvk|'3dvg)
M M
1/p
s(/ |vgsa|\vk|"dvg) .
M

Since ¢ is smooth and has compact support, its gradient is bounded on M
by some constant C' > 0,

1/p 1/p
(/ Vg (pur)l” d”y) - </ lol”|V gvil” dvg>
M M
1/p
<C (/ vk |? dvg) .
M

Since () is a bounded sequence in W*P(M) and vy, — 0 pointwise al-
most everywhere, then v, — 0 in Wl’p(M). Since 1 < p < p*, it follows
by the Rellich-Kondrachov theorem [17, 18] that v, — 0in LP(M). Then,
in the limit as £ — oo, we have

1/p 1/p
( [ 19uteor dvg) - ( [ 1P dvg)
M M
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lim =0.

k—oo

Hence, the first term on the right-hand side of Equation 32 goes to

tim [V, (el doy = Jim [ Jol?IV 0l do,
k— o0 M k— o0 M

= [ I¢P dg
M

Similarly, the second term on the right-hand side of Equation 32 goes to
zero. Combining these results, we obtain

“(a) 1/p* () Y 1/p
( [ 1epe du) < (KD, 0t e) ( / \sﬁlpdu) .
M M

Since this is true for all e > 0,

(o) 1/p* (@) A\ /P
( gl @ dv) <Ko ( [ 1ep du) .
M M

It follows immediately from Lemma 2 that there exists an at-most countable
set Z, a set of distinct points {z; };c7 in M, and positive numbers {7; }icz
such that

(33)

=Y s, (34)
i€l
Az Koy s, (35)
i€l
And, in particular,
ST <. (36)
€T
Furthermore, let o € C2°(M). By the triangle inequality,
‘Uk|p*(a) / |uk|p*(a> / |u|p*(a)
- dvy — ——— dvg + ———dv
/Msodg(‘faxo)a ! Msodg(maxo)a ! Msodg(xfoO)a !
p* (@) p* (@) P (@)
< [l qul S - el W,
M dg($,$0) dg(.ZB,ZE()) dg(il},m(])

Since ¢ is smooth and has compact support, there exists a constant C' > 0
such that

‘Uk|p*(a) / |uk|p*(a> / |u|p*(a)
- dvy — - d —d
/M“"dgu,mo)a R A R e WA NS T
N O O N 7 N U el P
B M dg(xvx())a dg(:v,l'o)a dg($7x0)& s

Consider the sequence (fx) given by fi = |ux|/dy(z,20)*/? (). For
simplicity, we also write f = |u|/dy(z, 0)*/?" (). Then,

|ug|P” () / / |ufP” (@)
——— dvg — dvg + - dv
/Msodg(faxo)a g MLP . Msodg(wvxﬂ)a J

<O [ =g < g
M

|uk|p*(a>

dg(l’, :ro)a

dvy.
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Since ur — wu pointwise almost everywhere, it follows immediately that By applying Lemma 1 and absorbing a factor of p*(«) into the constant C,
fr — f pointwise almost everywhere. Observe also that, by the Rieman-  we obtain

nian Hardy-Sobolev inequality (Theorem 6), g " @) u|P" (@)
- dvy — ———dv
/deg(%m)“ ! 7 dy(2,m0)>

(o x p/p” (e)
(00 p/p™( )_ |ur|? (@)
i 7 vy - d a Vs “(@)-1 “(@)-1
M M dg(@, T0) <C (|u;€|p + |ul? ) |ur — u| dog

supp(¢p)

<C / kP g, — u] dug
M

< (KD o t2) / IV guun? dug
M

+C / up|? dvg. .
: M‘ 1" dvy +C’/ [ul”” 7 |y — ul du,.
M

Since (uy,) is a bounded sequence in WP (M), we find that ( fx) must also

o By Hoélder’s inequality with Hélder conjugates p* (o *(a) — 1) and
be a bounded sequence in L” (@) Then, by the Brézis-Lieb lemma [19], 4 d Y s P/ (@) )

p* (), we obtain

lim / [1fie = £ = |5l 4 £, = 0. / ol / PR
M ar o dg(a,zo)™ ! a o dg(z,zo)™ !
(" (a)—1)/p" (@)
Hence, in the limit as k — 0o, we have <c (/ |uk|p*(a> dvg) P P
‘ |p*(a) g P () - M
i Uk Uk 1/p™ (@)
lim / ——— dv —/ - dv « P
ko0 deg(x,xo)a J A4¢dg(m,mo)a J X (/ lug, — ul? () dvg>
M
+/ JufP” () dol — 0 " (p* () —1)/p" (a)
- =0. p*(a
v £y zo) vo ([ e a,)
*(a) 1/p™ ()
" (a
Equivalently, X ( . |ur — ul dvg> .
~ Mp*(a)
v=vr—u (z,20)" dvg. Since (uy) is a bounded sequence in WP (M) and 1 < p*(a) < p*,
g it follows by the Rellich-Kondrachov theorem [17, 18], that (u) is also
. ~ . a bounded sequence in Lp*(a)(M ). We absorb this upper bound for
Renaming each ; to v; and rearranging the terms, | Hp*(fx)*l oo b ot O Th
uk||’ . into the constant C. Then,
p* (o)
@ . .
v = dv, + ViOg, . 37 p*(a) p* ()
d (.II :EO g ZEZI i ( ) / © |uk| — dvg—/ @La d’l)g
v dg(x,20) M dg(z,T0)

1/p*(a)
It remains to show that the set 7 is a singleton. Let ¢ € C2°(M) be such <C (/ o — u|p*(a> dvg)
that supp(¢) C M\{zo}. By the triangle inequality, M
. (P*()—1)/p" ()
+C (/ |ufP” () dvg)
M

|uk|p*(a) / |u|p*(a)
e dvg, — o dv
[\1 dg(z,0) . | dg(,20) g ) 1/p* ()
X ( g — ulP” () dvg> .
M

< / lpl
supp(¢)
Since (uy) is a bounded sequence in L?” (*) (M) and u, — u pointwise

Since ¢ is smooth and has compact support, there exists a constant C' > 0 almost everywhere, we obtain by Fatou’s lemma,
such that

‘uk‘p*(a) |u|p*<a)

dvg.
dg(z, x0)® dg(x,wo)a‘ Ve

lul”" ) dv, < hmmf lug|”” ) du,
Jug [P (e) / [P (@) M M
dvg — - o
‘ st Ddg(azo)e 0 [y ¥ dyle mo)e <crt.
ugP") JufPT () — (@)1,
<C ao( EREA j dvg. Absorbing this upper bound for [[u||,. )" into the constant C,
supp(¢) | 49\ L> L0 a g, To)™

|uk|p*(a) |u|p*(a>
/ L pe— dvg _/ L pe— dvg
Since supp(¢) C M\{zo} is compact and d4(z, z0) is continuous and M dg(2,20) w " dg (7, 20)
positive on M\{zo}, the function 1/dg4(x,x0)" achieves a finite maxi- 1/p*(a)
mum on supp((). We absorb this value into the constant C. Then, <C ( lur —ulP” ) dv )
M
. 1/p*(a)
+C (/ |up, — ufP” () dvg)
M

|ug|P” () / |u|P” (@)
——— dvg — ———dv
/M (pdg(%xo)a I SOdg(il%%o)"‘ I
*(a) * (o) . 1/p* (o)
<C ‘|uk|p — |ul? dvg. <C (/ lur — ulP (@) dvg> .
supp () M
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Since (uy) is a bounded sequence in W"?(M) and u; — u pointwise
almost everywhere, then uj, — u in WP (M). Since 1 < p*(a) < p*,
it follows by the Rellich-Kondrachov theorem [17, 18] that uy — wu in
P (@) (M). Then, in the limit as & — oo, we have

/so dvg—/sﬂ
M M

. 1/p* (o)
< lim C( g — uf?” ) dvg)
M

k—o0

|u|p*(a)

dg(.iB, xo)a

|uk|p*(a)
lim _—
dg (l’, xo)a

dv
k— o0 g

=0.

Since this holds for all ¢ € C£°(M) satisfying supp(¢) C M\{zo}, it
must be that v; = 0 for all 4 € Z\{0}. Hence, we may write Z = {0} and

‘u|p*(a>

V= — dvg + Vo0aq- (38)

dg(ﬂ,’, LEo)

We now prove the conditions on p. First, let ¢ € CZ°(M). By the triangle
inequality,

[ ervul s~ [ aivuran, ~ [ orvor i,
M M M

< / ol IVl — [Vul” — [Vorl?] do,.
M

Since ¢ is smooth and has compact support, there exists a constant C' > 0
such that

[ evul as,— [ oivuran, - [ ovor i,
M M M

< 0/ IVusl? = [Vul” — [Vorl?| do,
M

= C/ [[Vug|® — |VulP — [Vur — Vul?| dug.
M

Since (ug) is a bounded sequence in WP (M), it follows that (Vuy) is a
bounded sequence in L”. Then, by the Brézis-Lieb lemma [19],

lim / [[Vue|” — [Vul|? — [Vur — Vul|?| dvg = 0.
k—oo Jar

Hence, in the limit as £ — oo, we have

lim ‘/ ©|Vug|? dug —/ e|Vul? dug —/ @|Vug|? dvg| = 0.
k=oo |/ M M
Equivalently,
b= [Vul dog + 7
> [Vul? dvg + K5 o > PPN,
i€z
= |Vul? dvg +K;§,Ya1/g/p S2F
|
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Proof of the Main Result

‘We now prove the main result, Theorem 8. For convenience, we restate it
here:

Theorem. Let (S™, go) denote the n-sphere equipped with the round metric
and fix some zo € S™. Letl < p < m,let0 < o < p, letm € N, let
p*(@) = (n— a)p/(n — p), and let T : Py, — R be some map. Then,
for any e > 0, there exists a constant Cc, 7 > 0 that depends only on € and
T such that

" p/p™ ()
|u|p (o) ( K2 b )
Ll — <02 te
(/ n (2, m0)7 &(m,p/p*(a),n)

X [Vul? dvg,
S”L

+Cs,T/ |ul? dvg,, (39)
STI,

for any u € WHP(S™) that satisfies

|u|p*(a) p*(a)/p
/ fm dvg, <T(f) (/s ul? d”go) (40)
n g\ L, n

forall f € Prm.

Proof of Theorem 8. For simplicity, define
Kiip.a

7= Smp/p@)m) T

(41)

Suppose, towards a contradiction, that Equation 15 does not hold. Then,
for any k € N, there exists a sequence (u;) C WP (S™) satisfying

|1

such that

‘uk|p*(a) o
sn dg(,20)™

‘uk|p*(a)

p*(a)/p
- Pd 42
dg(z,x0)® ]| vgo) 42)

vy <7(7)

sn

p/p* ()
90) > /B/ |Vuk|p dvg,
STL

+k [ |ukl’ dug,. (43)
Sn,

Since the left-hand side is finite by the Riemannian Hardy-Sobolev inequal-
ity, we may assume by rescaling that

x /P ()
wr|P (@) P
( 5 Migg) d) =1 (44)
n g )
It follows immediately that
1
[Vug|” dvg, < =, (45)
sn B
1
|ukl? dvg, < % (46)

Since (uy) and (Vuy) are both bounded in L? (S™), it follows that the se-
quence (uy,) is also bounded in WP (S™), a reflexive Banach space. Then,
by the Banach-Alaoglu theorem, the sequence (ug) has a weakly conver-
gent subsequence in W' (S™), which we denote as (uy,). Suppose that
up; — u weakly for some u € W'?(S"). Then ux, — u weakly in
LP(S™) and Vuy,; — Vu weakly in L?(S™). However, we also have from
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Equation 46 that u, — 0in L?(S™), and hence uj, — 0 weakly in L”(S™).
By the uniqueness of the weak limit, it follows that u = 0. Since it is clear
that ug;, — 0in L”(S™) also, by the Riesz-Fischer theorem, we may pass to
a further subsequence, which we still denote as (uy; ), that converges point-
wise almost everywhere to zero. Now, consider the following sequences of
measures:

(115) = (|Vug, |” dvgy) (47)

- |ukj‘p*(a)
(V]) = (W d'UgO .

By Equations 44 and 45, these sequences satisfy sup, y1;(K) < oo and
sup; v (K) < oo for each compact set K C S™. By the weak compactness
for measures, there exist subsequences, which we still denote as (y;) and
(v}), such that

(48)

pi = |Vu,|” dvgy, — p, (49)
|ukj|p*(a)

Vi = (om0 G0

dvg, — v,

where 1 and v are some bounded, non-negative measures on S”. Hence, by
the concentration-compactness principle (Theorem 10) there exists a non-
negative real number vy € R such that

vV = 1p0z,, (51)

B3 SN

v(S") = /n dv

= lim -—
koo Jon dg(@, T0)"

=1.

(52)

Furthermore,

| ‘p*(a)
Vg0

And,

dp
S‘n,

lim [Vug|? dug,
k—oo sn

Then, for any f € Prns
|uk|p*(a)

fdv dy(z,70)"

sn

Vgo

Jm [
p*(a)/p

lim T(/) ( [l d)

k—oco n

1 P (e)/p
< lim T(f) <%>

k—o0

IN

N

=0.

Therefore, v satisfies the conditions presented in Equation 7. Then, by the
definition of infimum,

O(m,p/p"(a),n) < /"
< Kipak(S")

P
K”%Pva

B

<

Page 25

Hence,

KP

n,p,&

. O(m,p/p*(a),n)’

(53)

This contradicts our definition of 3 as given in Equation 41. It must then
be that Equation 15 holds. |

Conclusion

In this paper, we established an improved Hardy-Sobolev inequality on
S™ under moment constraints, extending the work of Hang and Wang [8]
from the standard Sobolev setting to the Hardy-Sobolev setting. To achieve
this, we first derived a concentration-compactness principle adapted to
the Hardy-Sobolev inequality on smooth, compact, Riemannian manifolds
without boundary. Our main result demonstrates that imposing moment
constraints on functions in W7 (S™) leads to a tighter upper bound on the
Hardy-Sobolev constant, similar to the improvements obtained by Aubin
[7] and Hang and Wang [8] for the Sobolev case.

Following the approach of Hang and Wang [8] in Section 4 of their paper,
a natural direction for future work is to extend the above results to higher-
order Sobolev spaces W**(M). We briefly sketch the framework. Aubin
[4] previously extended the Euclidean higher-order Sobolev inequality to
smooth, compact, Riemannian manifolds without boundary. This suggests
that a similar extension should hold for the higher-order Hardy-Sobolev in-
equality. Such an extension would allow us to generalize the concentration-
compactness principle stated in Theorem 10 from WP (M) to W*? (M).
These results would then yield a higher-order version of Theorem 8, estab-
lishing a Hardy-Sobolev equivalent to Theorems 4.1 and 4.2 in Hang and
Wang’s paper [8].
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