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Abstract

Weexamine accretion discswithin the context of Einstein’s general relativity. We use themetrics corresponding
to the fourblackhole solutionsproposedbyEinstein, with the Shakura-Sunyaevmodel of thedisc. Starting from
the definition of the “no-hair theorem” that a black hole only stores information about three main parameters
—mass, angular momentum and charge – we tested the impact of varying these parameters, emphasising the
relations between them. Moreover, the research we present here captures and illustrates two pivotal aspects
predicted by general relativity: the circular photon ring and the frame-dragging effects of the ergosphere. Our
research delves into emissivity profiles, exploring both the well-established lamp post model and the beamed
point source model. We reproduced the results from the literature and noted the inconsistencies between the
works and our results while also providing an alternative source supporting our results. Altogether, this work
presents a comprehensive exploration of accretion disc dynamics around central compact objects within the
framework of Einstein’s general relativity, shedding light on intricate phenomena that continue to captivate the
scientific community.

Introduction

Black holes, with their unparalleled gravitational force, stand as some of the
most enigmatic objects in the Universe. Their intense gravitational pull has
made it challenging to scrutinize them through direct observation. It was
not until 2019 that the groundbreaking work of the Event Horizon Tele-
scope provided the first visual confirmation of a black hole’s existence in
the Messier 87 galaxy1. Nevertheless, the theoretical groundwork for black
holes had been laid long before, rooted in mathematical and theoretical
models that predicted their existence.

The currently prevailing belief, resulting from work in the late 20th cen-
tury, is that dense star clusters and massive stars have an almost inexorable
destiny of collapsing into black holes. This hypothesis suggests the likely
existence of supermassive black holes at the cores of galaxies, especially if
they have been active2. Beyond their role in cosmic architecture, black holes
serve as astonishingly efficient power sources. Accretion onto a black hole
stands as the most efficient process known for emitting energy. Of particu-
lar note areKerr rotating black holes, renowned for their exceptional power.
Accretion onto a Kerr black hole is actually the most efficient process in the
Universe, with efficiency 0.426 for a maximally rotating black hole in the
Kerr metric3.

Methods

Gradus.jl4 is a novel photon ray tracing code authored by Baker & Young
(2022) and proves to be an essential tool in black hole modelling. This soft-
ware enables a range of numerical simulations, with a primary focus on
exploring various accretion disc scenarios. We used a new photon inte-
gration code to investigate photon orbits around the black holes, since the
Gradus code allows arbitrary spacetimemetrics to be used in a straightfor-

ward manner. We focused on the four distinct black holes solutions arising
from general relativity, with particular emphasis on Kerr, Kerr-Newman,
and Reissner-Nordstrom metrics. These simulations provided a platform
for testing the “no-hair theorem” by testing the effects of varying the three
black hole parameters – mass M , angular momentum J and charge Q
–predicted by the theorem to be the only information characterising a black
hole. We used point-source ray tracing, and reconfigured the present lamp
post model to represent a flare within the accretion disc. This enabled in-
vestigation of how photon trajectories are influenced by the presence of sin-
gularities in different metrics.

Furthermore, by using andmodifying Gradus.jl, we simulated emissivity
profiles both for a stationary and a beamed point source, as well as line
profiles for black holes of varying spin and charge parameters.

Testing the No-Hair Theorem

In 1972, Jacob Bekenstein first introduced the “no-hair theorem,” a con-
cept later revised in 1995. This theory postulates that black holes pos-
sess minimal characteristics, encompassing only three fundamental com-
ponents: massM , angular momentum J , and chargeQ. Remarkably, John
A.Wheeler, who famously coined the term “black hole,” drew upon Beken-
stein’s “no-hair” concept to propose an intriguing notion. Wheeler sug-
gested that if two black holes shared identical values of momentum, charge,
and mass, yet one was composed of matter while the other consisted of an-
timatter, they would be indistinguishable, as outlined in his work5.

The intriguing consequence of the no-hair theorem’s violation is the disrup-
tion of symmetry, leading to the transformation of the photon ring’s shape.
Johannsen & Psaltis6 state that the degree of asymmetry is a direct measure
of the violation of the “no-hair theorem.” Furthermore, research conducted
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Figure 1. Effects of varying the a/M ratio for a rotating Kerr black hole, increased from left to right, with α and β representing the impact parameters. The first row shows the black hole
as viewed from an inclination angle of 80◦ and the row below with the observer at an inclination angle of 17◦ . The shape of the photon ring becomes increasingly asymmetric and offset
from the origin, remaining almost circular for a ≤ 0.9M and losing the circular shape for a rapidly rotating black hole at a/M = 0.998.

Figure 2. Results of varying charge for black holes in the Kerr–Newman metric with spin a/M = 0.5 (left) and a/M = 0.998 (right). Deformation of the photon ring is observed as the
charge is increased for the a = 0.5 case while for the rapidly rotating a = 0.998 black hole, increased radiative transfer is observed“inside” the photon ring.
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by Bambi & Freese7 explored the possibility of using the black hole images
to test if black holes with a ≤ M violate the “no-hair theorem,” depend-
ing on whether general relativity remains valid in this strong field regime.
Specifically, in the case of a Schwarzschild non-rotating black hole, the pho-
ton ring becomes elliptical. For a rotating Kerr black hole, this asymmetry
becomes even more pronounced, as detailed by the research conducted by
Johannsen & Psaltis6. Using the computational capabilities of Gradus.jl,
we validated these findings. Our investigation demonstrates that, within
the Kerr metric framework, the ring remains virtually circular for values of
spin a ≤ 0.9M , where a = J/M with increased asymmetry observed at
higher values.

While theKerrmetric serves as the spinning extension of the Schwarzschild
solution, the Kerr-Newman spinning-charged solution represents both a
charged generalization of the Kerr metric and a spinning counterpart to
the Reissner-Nordstrom solution. Collectively, these four metrics consti-
tute the cornerstone of the black hole solutions of general relativity8.

Results

Kerr metric

The Kerr metric serves as a spinning generalization of the Schwarzschild
solution9. Within the framework of the Kerr metric, Figure 1 illustrates the
effects stemming from variations in the spin-to-mass ratio (a/M ) from the
vantage points of two distinct observers. In Figures 1, 2, 3, the colours cor-
respond to energy flux and the parameters α and β span the grid of the
impact parameters and each pixel on the grid is coloured in the units pro-
portional to units of intensity. As pointed out by Johannsen & Psaltis, as
the a/M ratio is increased, the photon ring’s symmetry diminishes. Upon
reaching the maximum spin value of a = 0.998 , the once-circular pho-
ton ring undergoes a significant transformation, becoming highly asym-
metric and displaced from its original position. This transformation is a
consequence of the black hole’s ability to warp spacetime and induce frame-
dragging, a phenomenon that occurs within the ergosphere of a black hole.
This characteristic feature is described by the Kerr and Kerr–Newmanmet-
rics, which pertain to rotating black holes10.

Kerr–Newmanmetric

The Kerr-Newman metric introduces a charge parameter Q into the de-
scription of a rotating black hole with non-zero spin. This mathemati-
cal framework captures the intricate interaction between gravitational and
electromagnetic fields emanating from a rotating mass with an electric
charge distributed along its axis of symmetry. Notably, the Kerr-Newman
metric characterizes a rotating mass endowed with an electric charge, an
extension originally crafted by Newman et al. in 196511, thereby arguing
for the existence of the broader Kerr family of solutions.

It is worth noting that in astrophysical contexts, the electric charge of black
holes is typically considered negligible. However, despite its minor role
in natural astrophysical scenarios, accounting for electric charge remains
valuable in theoretical modelling. Charge possessed by a black hole can
still impact charged particles in the disc.

Plots were generated to illustrate four scenarios involving a charged rotat-
ing black hole within the Kerr–Newman metric framework. Two where
a/M = 0.5, with values ofQ set to 0.06 and 0.86 and two of a rapidly ro-
tating black hole with a/M = 0.998 and charge 0.03 and 0.06 as depicted
in Figure 2. Analogous to the scenario in the Kerr metric, these plots reveal
frame dragging within the ergosphere and a distortion in the circular shape
of the photon ring.

It is important to note the constraint

a2 +Q2 ≤ M2 (1)

where equality holds for the extremal black hole12, which originates from
the Kerr solution itself. This condition ensures that the black hole’s proper-
ties remain consistent with the underlying spacetime geometry. Taking this
constraint into account, for a black hole with a spin parameter of a = 0.5,
the maximum permissible charge is approximately Q = 0.86, while for a
rapidly rotating black hole with a = 0.998, themaximum charge decreases
significantly to aroundQ = 0.06.

Reissner–Nordströmmetric

Reissner-Nordström introduces the charge parameter Q as a specific in-
stance of the Kerr-Newman metric. According to Misner13, all static (i.e.
non-rotating) black holes are distinctly defined by the parameters M and
Q, and they exhibit the Reissner–Nordström form. The charged generaliza-
tion of the Schwarzschild solution was independently uncovered by Reiss-
ner (1916) and Nordström (1918)11. There are no other existing solutions
for stationary black holes.

The formula for the black hole shadow size as a function of its charge was
derived in Zakharov14 as

D = −512 ·
(
Q− 9

8

)3

(2)

whereD is the shadow diameter andQ is the charge in units of massM .

We created a black hole in Reissner–Nordström metric (Figure 3) and var-
ied the charge to examine how the appearance of a black hole depends onQ.
As predicted from the formula in the Equation 2, as the charge is increased,
the diameter of the shadow decreases.

Point Source Ray Tracing

Gradus can simulate various corona models, including the lamp post
model. By adapting the code to this model, we scrutinized the behavior of
photons and their trajectories as if they emanated from an isotropic point
source, and traced their paths to the accretion disc. Ray tracing is emerg-
ing as a powerful tool. Specifically, it facilitates the generation of images
at remarkably high resolutions, allowing for a detailed examination of the
substructure within the photon ring, as well as the influence of turbulence.
The distinctive properties of photon subrings can be investigated15 by em-
ploying an adaptive scheme and subring decomposition.

The results obtained from tracing these photon paths provide valuable in-
sights into how altering the spin parameter (a) changes the behavior of black
holes and the nearby photon paths. Notably, as the spin increases, the event
horizon’s diameter decreases in the Kerr metric. Despite the fact that the
faster rotation of the black hole induces greater spacetime curvature due
to frame-dragging (as illustrated in Figure 4), we observed photon paths
to be less bent by a black hole with a smaller diameter, while the distance
of the flare from the singularity remained constant. This phenomenon is
attributed to the decreasing innermost stable circular orbit (ISCO) with in-
creasing spin, which causes the photon orbit’s radius to be smaller than that
of a Schwarzschild black hole. In the latter case, the ISCO can be found at
approximately three times the Schwarzschild radius (3rS) before spiraling
beyond the event horizon.

Emissivity Profiles

The corona is situated above the black hole and continuously emits X-rays
that subsequently illuminate the accretion disc. This process generates a
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Figure 3. Energy flux of the Reissner–Nordström black hole with charge varied be-
tween 0 and 1. The first image at the top is the case of vanishing charge which, com-
bined with absence of spin, illustrates the Shwarzschild metric for comparison. The
results imply that the black hole shadow diameter decreases when charge Q is in-
creased, which is consistent with literature.

discernible pattern interpreted as the emissivity profile. This profile de-
pends on various factors, including the precise location and geometry of
the X-ray source, as well as the characteristics of the accretion disc16.

Using the Gradus tool, we replicated models proposed by Gonzalez et al.
in 201717. Our objective was to discern how the emissivity profile relies
on parameters such as the height above the black hole, the displacement
axis, and the photon index within the lamp post model. Furthermore, we

Figure 4. Frame dragging can be observed around rotating black holes, making a
significant difference compared to a Schwarzschild black hole with a/M = 0.

examined insights from Dauser et al. 201318 on beamed point sources.

Results

Stationary lamp post

We simulated a Kerr black hole with a spin parameter of a = 0.998, repre-
senting the maximally rotating case. We employed the lamp post model to
emulate the corona.

We systematically varied the height h of the radiation source within the
range of 2.5 to 20 Schwarzschild radii, as illustrated in Figure 5. In the
case of low resolution, whichmanifests as irregularities in the line plots, in-
creasing the number of samples should resolve the issue, albeit at the cost of
greater computation time. The results are consistent with existing literature
findings17,19. Notably, the steepest slope in the observed emissivity profile
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Figure 5. Results of varying corona’s height (left) and displacement from rotation axis (right) above the black hole and accretion disc. First plot becomesmore steep as the height is increased
and the second shows that largest number of photons land under the source since as the corona is displaced from the rotation axis, outer disc receives more photons than the innermost
parts and therefore becomes more illuminated.

Figure 6. Emissivity profiles for sources at heights h = 5 and h = 10 with varying
velocity of the jet base β. Includes ’tests’by comparing a stationary lamp post (blue)
with a beamed source models with β = 0 (dashed) to show that the beamed point
source model satisfies the predictions and to prove its correctness and consistency
within the software as a whole.

corresponds to the source positioned closest to the black hole (h = 2.5
Schwarzschild radii). As the source distance increases, a diminishing slope
is observed due to time dilation effects that enhance the flux of photons
reaching the innermost region of the accretion disc17.

Furthermore, the displacement of the radiation source from the rotation
axis also influences the emissivity profile, as depicted in Figure 5. Axisym-
metric system implies a disk-like of ring-shaped corona. Novelmodels pro-
vided within Gradus.jl calculate emissivity profiles in two-dimensional
space on the disc, allowing us to analyse non-axisymmetric systems. Us-
ing the Voronoi decomposition of the disc, the profile is calculated and in
the limit of large sample points approaches the true emissivity function.
This displacement accentuates the discontinuity in the plot as it increases.
The reason behind this behavior is that as the source moves away from the
innermost section of the accretion disc, the outer regions become increas-
ingly illuminated, with more photons impinging upon the disc beneath the
source17.

Beamed point source

Aside from stationary sources as found in the stationary lamp model,
beamed sources play a crucial role, particularly in active galactic nuclei
(AGN) exhibiting jet-like structures or outflows. Given that point sources
are among the most likely candidates to exhibit beaming effects, we formu-
lated a model of a beamed point source. The corona begins at a designated
height h and can subsequently be projected upward with a velocity β (note:
not the impact parameter as before). To simulate this model, we modified
the Gradus code. We introduced a new datatype that enables the speci-
fication of a corona that dynamically moves away from the vicinity of the
black hole. This feature has now been successfully implemented within the
software.

However, the results obtained from the beamed source (Figure 6) do not
align with those reported in literature17,19. Furthermore, when examining
the moving source plots in Fig. 6(c) in Gonzalez et al. (2017)17, and Fig. 11
in Wilkins et al. (2012)19, the two datasets do not agree either, despite the
sole variation being the height of the corona.

Gonzalez et al. report that a sudden drop is observed in emissivity over the
middle region of the disc due to relativistic effects caused by the beamed
source17. The same was not reported by Wilkins et al.19. Wilkins et al.
do not describe in detail their method for calculating these beamed point
source emissivities19. On the other hand, the tetrad calculation by Gonza-
lez et al. is consistent with the one implemented in Gradus.jl, and the
local momenta are consistent with Wilkins et al. However, the outcomes
presented in Figure 6 ultimately agree with those reported in Fig. 6(a) of
Dauser et al. (2013)18. The trends we observed are consistent and the quan-
titative comparison will be performed in the future. As the height of the jet
base increases, the plot shifts downward, and with an increase in velocity,
it becomes less steep. This suggests that the photon flux diminishes with
higher speeds, as photons are propelled away from the accretion disc.

Conclusion

In conclusion, employing powerful computational tools such as
Gradus.jl, yielded profound insights into the behaviour of black
holes and their interaction with the spacetime and photons. Through intri-
cate simulations based on established metrics such as Kerr, Kerr-Newman,
and Reissner-Nordström, the study has not only validated key theoretical
predictions but also expanded the understanding of these objects and the
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results coming from the environment they create.

The definition of the “no-hair theorem” states that a black hole only stores
information about three parameters — mass, angular momentum and
charge. The impact of varying these parameters on the photon ring’s shape,
as demonstrated through simulations, emphasises the relations between the
three black hole parameters.

The application of point-source ray tracing allowed us to observe and jus-
tify the intricate behaviour of photons in close proximity of black holes.
Moreover, the study of emissivity profiles, both from stationary and beamed
point sources, has provided valuable insights into the intricate dynamics of
accretion flows.

Navigating through the implications of black holes parameters such as
height, displacement, and velocity in the simulations, the significance of the
versatility of tools like Gradus.jl becomes apparent. Computational sim-
ulations notably serve as a bridge connecting theoretical predictions with
observable phenomena, offering a unique way of analysing black holes in
diverse astrophysical contexts.
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